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PREFACE 

^on^ the various Vjes af the Math9^ 

mmia^ fheir rendrit^ the Undev^ 

fimiding morefufceptibU af mh$r &i- 

ema^ if certainly the mofl ivitelleat^ 

And this it does in a t^mfotdnuu^ 

mr: Firfly in accufioming thi Mind 

,_ . -.,^_„ jujUy^ hy 'which there isacquireda Facukj^ 

discovering the Defers and Fallacies offalfe Reajm- 

i '^ l^?.^ ^A^iH '^^^y ^^ nectary to make it ccncli^vve: 

^ JbidSec^dly^ the Mind hy thi Study (fthe Mathe^ 

fkaics attaipsfuch a Sagacity in feeki^ Trtah^ as 

7 ^V af great Immtance. not only in other Sciences ^ tut 

^ £ven in the Affairs cfLife if the Knowledge ofoth^ 

" Sciences and qf Abn^ is joined to the JMdiiematic/, 

For he thaf^ tphilfi he affkes hdn^lf^to the Mathe-^ 

tnatics^ n^gleSis every thing olje^ doei not froferfy 

learn a Mathentaiic Method^ bm only makes hin^eJf 

readier mt renfoait^ about S^uamitieSk 

, Thefirfi ifth^e l^es is befi ffontoted by the Study 
ijf Gemetfy^ if vie follow the Antiems Method 
of D^^mftroiit^ l for it is not leaning 4 great 
jdmliH a littU ttme^ iut learning a little ^l^ that 
mghtto be regarded: Jime in acquiring a Faculty^ 
reafonittg well, we Ought not to confider the number of 
Pt^6pionsJo much as the Method they are delivered 
in ; and this is what latter Geometers have notfuf-- 
J!cieittly attended to. 

A 2 Tie 
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Ti^ficond Ufe we have memiouedy is hy motty, de^ 
fervedfy referred to Algebra, which gives Rules and 
Examples fi^r the difcovery of Trttth : wherefore the 
Study of this Science ought to be joind to the Study of 
Geometry. 

And he that would compkat himfelfin the Art of 
Reafcning jufily^ fiould join to both, the Study of 
Logic. 

Jfto this Ufe of Algebra, we add the NeceJJity of 
it in all parts of the Mathematics, but efpecially in 
Phyfics, which none can attempt without the Ele^ 
ments of Geometry and Algebra ; we need fay no more 
in the praife of it. 

77)e Elements that I here deliver, were firfi imend- 
edfor private ufe 9 and I have therefore been as 
brief as pofftble. 

I do not here treat of Problems of more than two 
Dimenjtons, my chief intent being to explain as much 
as pof/ible, the nature of Problems, which the greateji 
part of the Writers of Algebra negleSi, who are of-^ 
ten defective too in deducing the Reafonscf the Opera-- 
tionsfrom the* general Rules. 

For this caufe I have added many Obfervations 
relating to the Solution of Problems ; and have treats 
ed amply of Problems of two Dimenfions. 

I muft have fold much more if I had treated of 
Problems rf three and four Dimenjtons. Many have 
treated of the Nature of Equations ; but the Nature 
of thofe Problems that produce thefe Equations, has 
been too much neglefled. It is neverthelefs a Matter 
worthy a Mathematician, and which will, when ex^ 
plain d, free young Beginners from many Difficulties. 

As to the t'lsjo little Treatifes added to thefe Ele* 
ments, fee their refpe^ive Prefaces. 

THE 



(O 




THE 

ELE M E NTS 

OF 

tJniverfal Mathematics. 



CHAP. I. 

T)f Siuantity in general, and the Intention 
. af Algebra, 

HE general Objeft of the Ma* 
tbematics is Quantity. 

1. Every thing that can be in^ 
creafed Or iiminijhed^ we fay has 
Quantity: as Extcnfion, Time, Mo- 
tion, Velocity, &c. 
In diflferent Parts o^ the Mathematics^ difife^ 
rent forts of Quantity are examinM ; but I fhall 
here treat of Quantity confider'd in general, and 
briefly expound the Rules by which Truth is dif* 
B covered, 
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covcrM, when Quantities of any kind whatet^e: 
are treated of 

Thofe things which are demonftrated ccHicem- 
ing Quantity in general, may be applied to anjf 
peculiar Quantity. And we attain the Truth by 
the fame method in any Parts of the Matbema* 
vies. 

%. M Reafonwg c^Mrnit^ Quantity may h ra^ 
f erred to its Meafure. 

3. 7%e Meafure of anjf Quantity is the comparing 
it with another of the fame kind. A Line is faid to 
be of fix feet, if being compared with a Line oi 
one foot, it contains it fix times. 

Quantities of the fame kind only admit of Com« 
parilon ; a Line with a Line, a Superficies with 
a Superficies, and Time may be compared with 
Time : But no Time can ever be faid to be equal 
to any Line whatfocvcr. 

4. When we compare one Quantity with ano- 
ther, we often regard the Excefs of one above 
the other ; that is, we fee the greater to be equi- 
valent to the Sum of the leffer with fomc other : 
and this we may apply to many Quantities, the 
Comparifon ftill repeated. To this way of com- 
paring may be referred that Operation of Arith- 
metic, which we call Addition. 

5. Oftentimes only changing the Cpnfideration, 
^e regard the Deteft by which one Quantity 
falls (hort of another. This determining the difr- 
fercnce of two Quantitys is cali'd Subtraction., 

6. A Quantity which is formM by the repeati 
ed Addition of the fame Quantity, is faid to bt 
formed by Multiplication. 

" 7. The contrary OperatiM, by which we de- 
termine how often one Quantity is cwitain'd in 
another, is call'd DiYisioii. 
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8< No Omparifon of Quamitys can be coneeiv% 
ittbich may mt h nf erred te one of thefe four Opera- . 
tims. For as to the Extr^ftion of Roots, it 
will be Ihown in its proper time, that it ought to 
' be referred to DIvifion; 

9. By thefe four Operations every Truth, that 
ftlates.to Qviantities, is inVeftigated. 

I will now relate Wh^t I rritehd to 6iplairi in 
thefe Elements, and in what Order. 

In the firit place I will briefly fhow how^ 
Quantity nay be fo' giendrally expreffed, that the 
Expreffion may be <ip^lied to any particular. 
Qjkmity. 

Afterwards 1 will explain how the Operations 
rdating to Quantities fd expreffed, are performed. 
' But «ncw Expreffion^may arifc from thefe 
Operations; I will demonftrate by what method, 
thefe new Exprcflions are to be managed. 

Laftly, I will tell by what Art and in what 
Order thefe Operations are to be dire£ted in the 
difcovery of Truth, 

10. This Art is called Algebra, as alfo Ana- 
lysis, and by foroe UNiyERSAX Mathematics. 

The Scope of this Art appears from what has 
been faid to be the Solution of Problems. 

11. M^thematidans call every Propofition a 
Problem, which r^quiirs any thing to be done. 

Biit that a Ptoblem may be folv*d, that which 
is defir'd is firft to be performed 5 and then it is 
to be demonftrated that the Solution fatisfies the 
Conditions fought.. ,. 

In Analytic Solutions the Operations by which 
they are attain'd, put it out of doubt, that the So- 
lutions fo 4Hcover'd are true. 
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C HAP. n. 

Of the ExpreJJions of §luant sties ^ and the 
Operationf about Ji^e ^antities. 

I2.A ^Athematicians have alwajs thonght it 
JL VX very commodious t$ exfrefs Quamhies fy 
Letters in Algebraic Operations. 

Who does not fee that the (ingle Letters a, b, 
c^ &c may exprefs any particular Quantity whae- 
foever, either known or unknown ? And that 
the unknown are fubje£l to the fame Operations 
which take place in known Quantities. 

13. But that known Quantities may be more 
eafiiy diftinguifli'd from unknown, thefe are de- 
noted by the laft letters z,^ j^ x,u; whilft the 
firft, as a, b, c^ ierve to defigu known Quan- 
titys. 

Cf Addition. 

14. T'he Sum of fever al Quantities is exprejfed if 
joining the Letters that denote each fingle Quantity 
with this Sign +, which fignifies PLUS, or nttre. So 
a -^ t^ is a plus ^, and is equivalent to the Stun 
of the Quantitys a and t. 



Example. 
a 



3d 
d id 

a b f -ig 

a a g g 



2A ?« + * d+f-hg S^'+W ^ 

Of 
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'Qr SUBTRACTION. 

ij. This 3ign -^ ihews the Quantity to be 
taken from another, and fignifies M I N US, or 
lefs. a-^b \sa minus by that is, it expreflfes the 
JDifierence of the Quantities a and b. 

Examples. 

la b 2b 



a a^^b ^a^-^ib 

Of Multiplication. 

Multiplication is a Repetition of the fame 
Quantity or of its Part (6), fo that the Number 
oTHepetitions are to be expreflfcd, and thefe are 
always expreffed by Numbers. { 

1 5. Every Multiplication therefore ispirform^d by 
Number^ and to multiply Quantity by Quantity is ab- 
furd. 

17. But Quantity, if compared with another 
which is accounted for Unity, may be defignM by 
a Number, and be itfelf accoumed for a Number, 
nmuitiftanding it is expreffed by a Letter; which is 
always done when one Quantity is multiplied by 
jEinother, to avoid Abfurdjty : neither is the De- 
termination of Unity in this cafe neceflaxy. 

18. The Sign of Multiplication is thisXy or afiftiri 
fie joining qfthe Letters. When a is to be multi- 
plied by ^ we write ax b, or ab, 

19. This (a b) is caBed the Product of tfft 
fdultiplication. • 

20. Which fame Produft may be e^refled by 
ba ; for the Order of the Letters j$ not regarded 
in Multiplication. 
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\i la is to be multiplied by b^ the ProduA it 
^abi but if 3/2 is to \^t multiplied by a^, it \i 
evident the former Produd): muft be doubledj 
and is 6a b. Therefore, 

2 1. When the Quantities arenmkiplied by Numiers^ 
let thefe Numbers be multiplied Jiparatefy. i 

22. The Produ& of ^ by ^ is aa^ which is al^ 
fo thus exprefsM a*. 

If aaox a^ is multiplied by a, the Product is 
aaa ox a\ 

23. For this reafon, when a Quantity is muki^ 
plied by aNumbtr^^vii allConfufion may be avoid- 
ed, let that Number be written before the Letter. 
If ^ is multiplied by tf, that is,, if it ought to be 
taken fix times ,• I write it 6b not^dleft this 

, Expreffion be confounded with b^ ^ which fieni* 
' fies bbbbbh. 

24. The Produft of a by ^, or aa^ is cf fled 
"rHE Square or Second Power of the Quantity 
a \ and a is the fquare Root of ofL. 

25. The Cube of the Quantity a is^ * or aa-a^ 
it is alfo called the Third Power \ and a is the 
Cube Root of rt'. 

25. The Fourth Power of the Quantity ^, 
is a^y which is alfb called the Squai^ed Square, 
The Fifth Power is a^ ^ and fo of the reft. 

27. T*he. Number annexed to a^ is called, the Ixdex 
5f' its Power. 

28. The. Quantity which is to be multiplied by awh 
ther^ is called the MuLTiPtiCAND. 

29. I'he MuLTiPLiCATOR ijf that Qumity by 
which the Multiplication is perfon^^d, 

30. ThOit Quantity is called the Product <f the 
Multiplication, which arifesfrom it^ as has tem^ ci- 1 
ferviinn* X^. 
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ElCAMBtfiS OF Mu^TIPLICATIOI^. 

a a^ at 3^ 3^*/ 
t ab ah 6d ^f 



ah aH a'b\ i8W tia'p 

Ol^DlVISION. 

31. Divifion refolvfs vihaf vjos cmp9unded hf 
AMiplkoiion, deiiertniniiig bow often ona Quan* 
tity is contained in another. 

32. T%e Quantity v)hich is to be divided^ is cal^ 
hd The Dividend* 

33. The Divisor is the Quantity by which the 
Divifion is perfinnd. 

34. T%e Quotient is the Quantity which ex-- 
freffes how cften the Divifor is contained in the Qit 
vidend. 

, i$. It is ft^ciemly ntanififi that the ProduSl arM 
^gfrom the Divifir muUspUed into the Quotient^ 
is equaly or the fame with the Dividend. 

3 (J. Whence we difcover this Rule for Divi- 
fion. From the Dividend blot out the Divifor^ and 
the remainder is the Quotient: U abis to be divide4 
by a, blotting out a, there will remain b, whiclj 
is the Quotient ; for this (JJuotient b itralcipfied 
by the Divifor a, produces in the Produd^ the Dit 
Hidctidab. 

37. If there are Numbers to the Letters, \t is evj- 
^ent they ought to befefaratelf divided (n. 3 5.) 

Examples of PivisioNf 

B4 |8.»^ 
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38. WTien DivifioH cannot be performed hy th^ 
method^ as if ab is to be divided by/, tht Diwden^ 
is to be v^itten above the Line^ and the Di'vifo 

this Divifion. 

39. 'the Quotient in this laft cafe is caiTJ a 
Fraction. 

40. 7%e Dividend (as ab) is called the ^NTume* 
RATOR (f the FraElim. 

41. And the Divifir (f) is the Penominator 
rf the FraHioft. 



CHAP. III. 
Of Operations about compound §iuantities. 

'42 1 A C^antity is faicj to bp compound, when 
£\^ i^ cortfifts of viarjous firnple ones /oihM 
with the Sign§ + or—. 

OfAdbitiok. 

4J. It is to be obferv*d th^t ^ Quantity writ- 
ten without any Sign, i$ undefftood to have the 
Sign + annexed ; and it is evident that Addition 
is performed by joining the Quantities to be addej, 
prejervijtg fheir Siffis. 

Examples. 

4+* 2^-r-/ ^a^g-^d 



^tyi^d+f 3^-/-' 
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OfSubtraction. 

44* Subtradion is the contrajy to Addition ; 
jthcrefoTC the Quantity to hefubtraUed nmft have aU 
its Sgns chan^^ and then be added to the other. 

Examples. 

a-^b 2a+b , 3a+f-^2g 

c-^-d a — b 4^+4? — ^ 

a-4-*— c^ — d a-^ib f~3i — a-^^ 
OpMultiplicatxon. 

45. It will be evident, if attentively confider'd, 
that each Quantity of the Mukiflicand ought to be 
multiplied feffftatfly by each <f the Quantities in the 
Multiflicator. 

46. In each of thefe particular Multiplications 
it is to be obferv'd, if the Signs of the Multipli-' 
cand and Multiflicator are Jimilar {or the fame) the 
ProduSi will be Affirmative^ but Negative if they are 
different. 

47. This Rule may be deduc'd from the 
Examination of all the particular Cafes, which it 
is plain can be but four, for every Multiplica- 
tion is performed by a Number i6) : Therefore, 
^. An affirmative or pofitivc Quantity may be 
multiplied by an affirmative Number. 2. An 
affirmative Quantity by a negative Number. 3. 
A negative Quantity by an affirmative Number. 
4. Laitly, a negative Quantity by a negative 
"Number. 

\ In the firft Cafe, who can deny th^ Prod u ft 

to be affirmative? 

* 
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In the fecond Cafe, it is negative ; for to tax 
tiply by a NqgAtive is to take awayj ^ fince to mu 
tiply by an Affirmative is to add. 

In the third Cafe, there is a negative Quar 
tity which is taken certain times, an4 therefor 
remains negative. • < 

The fourth Cafe is contrary to the third 
therefore the Produft muft have a contrary Sigiij 
or muft be aflRrmative., There is cakc^ away 
in this C^C 9 negative Quantity, by which the 
Negation vaDllhfiS)* So tp tajce ^way a pebt ia 
to pay it. 



za-^g — m 
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6aa -f- 4^+ a^ — y^ +iif— SX "" 2/wf-f «^* 

48. We have faid (18X that Multiplicatiwi 

may be exprefsM by this Sign X; this often hap- 

E;ns in compound Quantities , in which cafe 
incs arc drawn above the Quantities to bq 
muki plied, which feparate them from the reft, 
thus <»+ A x/H-jf ~|:^ fignifies j/is to be fub- 
trafted from the Produft of the Quantities ^-f^ 
multiplied by/ 4-i:« 

4?. Wkt 
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49. What has been faid of the Method of 
cxprdfing the Powers of fimplc Quantities (21;, 
may alfo be applied to compoun d Qua ntities^ 
if a tin? is drawn above them, as a + * fignj- 
fics the Cube of the Root t^^K 

OfPjvision. 

50. ^ comptmnd Quantity is faid, to he difpoftd $r 
trderd according to the Dimenjions of a ffven Lit- 
$er^ when in the firft place there is Put a, fimpie 
Quantity^ vfhich contains the higheft Power of the 
pven Letter, and the Powers fucce0vely decreafing 
are difpofid in the places following ; 

flh' +#* + ^'*+^^- 
This Quantity is pyder d according to the Di- 
menfions of the Letter k 

5 1. In this cafe 4^' is the firft Term, and the 
decreafing Powcr$ of k dcterroinie the foUowiSg 
Terms : the numlj^r of Teyms always exceeds 
by Unity, the Index of the higheft Power; and 
this Quantity contains four Terms. 

52. Oft-times fomc Terras arc wanting, whofe 
places muft then be left void. In the foremen- 
tioned Quantity, had it been ordered accprdiig 
to the Letter a, the thi^d Term w^uld have 
been wanting, 

a^ + ba' *+i'a+fgi\ 

5 J. Sometimes particular Terms confiA of com- 
pound Quantities, as in this Quantity. 

e4^fe^ + lUe^^fL^ 
"T^ge^ '^mst 

The fecond Term is/^'— ^^', and the fifth is 
fl'-^hmst. 

J4. In thefe cafes we call that the firft Quan- 
tity of the Term that is uppermoft, but they may 
be plaped at pleafur§. Thefe 
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Thefe things firft remarked, Divifton Is t 

* perfbrmM by the foUoi^ring Rules. 

5 ; . 1 . 7%f Dividend and Divifor are to be ori 
according to the Dimenfionsof the fame Letter, 

2. Lit the firft Quantity of the firft ^erm of 
Dividend^ be divided by the firft Quantity of 
firfi 'term of the Divifor, and note the Quotient. 

$. Let the whole Divifor be multiplied by the iv, 
Quotient, and let the ProduSi befubtraEled from 
Dividend. 

4. T^he DivijUn will proceed by repeating ti 
Operations, and the Sum <f the particular Quotie 
will give the Quotient fought. 

5. In the particular Divifions it is to be ctferv 
that finUlar Signs of the Dividend and Divifor gi 

• an affirmative Quotient, and different Signs give 
Negative. 

If (the Divifion being ended) we attend to tl 
Operations, it will be evident that the Quotiei 
arifing by thefc means is a true one, ^01 
Theor. n,3j. 

Example!., 



Lac -^r db \ b •\- c Quot 



^ab-r-dk 

ac -^ dc 
— * ac — dc 



u^ 
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Example II. 



— g* — Aa* XM-h hb. Quor. 



4- W<i+*» 
■—hba—b*. 
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I»vid.«* * « • ^^4 I „-.^ Divis. 









—«* + *«» 






+ *«• 


—^4. 

'a* 






a* --*4 

/i'4-^'tf 






-{■b'a—b* 
—b^a+b'* 



5<f. When thcfe Operations cannot be produced 
farther, and yet fome Quantities are left in the 
Dividend, then the Divifion cannot be exaftly 
perform'd; and thofe Quantities left are called 
the Remainder of the Divifion. 

57. In thefe cafes the whole Quotient may 
be defign'd by a Fraftion, or a Fra^ion formed 
out of the Remainder may be added to the Quo- 
tient found before. 

If 
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If iitf + lab + 2^* is to be divided by a-^i 
the Qjiotient will be — ^^r fixa-f ^+^-jn 

Of the Extraction ofKq o t s^ 

J 8. 7%^ Ittvifligation gf fAe Aoofj of tfifjp gi'ven 
Powers, is called the Ex ta actio N.4f Roots, and 
is a peculiar Species of Diviiion^ in which both 
the Divifor and Quotient are fought together^ 
their relation beim glven^ 

59. When theOueftion is only of fimple Qpan- 
tities, the Root, if it: can be eztraAed, is difco*^ 
vtred without difficulty ; a* has the fquare 
Root a ; a^ has its Root aa ; and ai is the fquare 
Root of aaUf. , « 

In the fame manner it is evident that a^ 
has a cubic Root a, and a^ b* the Root at. 

I will explain what relates tq the Square and 
Cubic Roots of compound Quantities , from 
whence the Extra^lion of the Roots of the reft 
of the Powers will be eafily deduced. 

In the £xtra£bion of fquare Roots, it is to be 
obferv'd, that -in every Square of a compound 
C^uantity, there iS' given the Squares of the par- 
ticular Quantities of which the Root confifls, 
froni which OUervation we deduce the Metl;od 
of difcovering the Root to be tried. 

Example I. 

; Let there be fought the fquare Root of the 
Quantity aa -^ zab -^ hi. 

This Quantity contains t^yo particular Squared 
aa and bh. I extra6l the Roots of thefe a and i, 
Which I coUcft into one Sum, and I have a + i 

for 
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for the Root to be tried, whofe Square is die 
<>iantity proposM. ' 

do. When the Square of the Root difcover d,^ 
differs from the Quantity proposM, the Root dt 
ic can&ot be extracted. 

£ X A M P L B 11. 

The Root to be tried is again tf + *> vHiofe 
^uare aa + 2ab + bb differs &om the (^antity 

EroposM, and therefore the Root of it cannot 
c extraft^d. ' . 

61. How the Signs of the radical Quantities 
are dfctermin'd when all the Signs of the Quan- 
tities in the Square proposed are not affirmative^ 
win be explaiuM in the following Example. 

Example III. 

aa + ^^ "^tbc -^ bb *■{•' cc '^ 2ac. 

t extraft the Roots of the three Squares /itf, 
Ui cc^ which are a, b, c, and as every Square is 
affirmative (46), the Signs as yet are unknown; 
but the affirmative Produft 2aPy fhews that the 
Signs of the Quantities a and b are fimilar (46); 
and — 2bc fhews that the Signs of b and c are 
different : The Root to be tried is therefore a-^b 
— c, or c — a — by the Square of either of which 
is the Quantity proposed. 

d2. A Square is often to be fupplied as in the 
Mowing Example. 

Example IV. 

a^-^ia't^aabb + ^ab'+b^. 
This Quantity contains only two . Squares a* 
and b^^ w|K)fe Roots do not fuffiice; but 1 fee that 

a 
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% Square may have been taken away by a Quan^ 
tity with a contrary Sign ; for there is given 
^^aahh^ whidi Quantity would be a Square \i it 
was affirmative. I add therefore to the Quan- 
tity proposed + aabh — aM^ by which the Value 
of the Quantity is not chang'd. It then becomes 
a:^'^^a^h—^aabh'\'aabh'\' 2ab* "\'b^yVrhofe Root 
to be tried is aa — ab — bb, or bb + ab—aa ; the 
Square of either of which is the Quantity pro- 
posed. 

Example V. 

^i^ + »«** + 3Mbb + lab* + *^. 

This contains only two Squares^ whofe Roots 
do not fuffice, but ^aabb may be expreiled 
daabb + ^^bb; in which cafe there is given a third 
Square aabb^ and the Root to be tried is aa + aS 
4-^^, which is the true one. 

6 J. Cubic Roots are inveftigated by a lilce 
Method; for from the formiacion of a Cube^ it 
is certain that there is given in the Cube of a 
compound Quantity^ the Cubes of the particular 
Quantities that are contained in the Root. 

But as to the Signs, thefe are more eafily dif- 
cover'd here, becaufe a Cube is always aflFeft- 
ed with the fame Sign as its Root, which 
holds true in every Power whofe Index is aa 
odd number. 

JE X A M P L B. 

a'^3a'b+ 3abh--b'\ 

The Root to be tried is tf — ^, Whofe Cube j 
is the Quantity proposed. ' 

64. IVhen the Root cannot be extroBd it is 

denoted by a f articular Sign, ^ab Signifies the 

fquare 
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fquare Root of the Quantity ah ; ^laa + bb is 
the fquare Root o{aa + bb. 

The Sign of the tubic Root, ir / ; of the Root 

of the fourth Power /; and fo of the reft. 

6$. The Roots expreffed by thefe Signs are called 
furd Quantities. 



CHAP. IV. 
Of FraSiions. 

dtf.nPHIS general Theorem is firft to be laid 
X down, T%at the Quotient of the Divifiom 
is not changed, if the Dividend and Divifr are both 
multiplied or divided by the fame Number. 

abm^y reprefent any Dividend whatfoever, 
and a any Divifor, then the Quotient will be b ; 
ifab^nda are each multiplied by ^, then abd 
divided by a d, the Quotient is alfo b. The De- 
monftration is the fame with icCpe(k to Divifion. 

67. In every Fraftibn the Numerator is the 
Dividend, the Denominator is the Divifor, and 
the FradHon is the Quotient, (3 8, &f€q.) there- 
fore if the Numerator and Denominator are eacjj mul" 
tiplied or divided by the fame Quantity, the hraBion 
is not changed (66) 

6t. A Quantity is not changed if multiplied 
by Unity, and therefore neither is it, if divided 
by Unity (3 1) ; confequently, 

69. JVe may change a whole Qtiamity into a FraC'^ 
Hon, if whilfi the Quantity itje^ is placed for the 
Nnmerator, it has Unity for a Denominator. 

C 0^b 
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^ + ^ is the fame with 

70. A JVhoh Quamitj is reduud into a Pra^i 

whofe Denominator is given^ if the Numerator ai 

Denominator .pf the Frafkion difcover M by tl 

foregoing Rule, are each multiplied by the give 

Denominator (67). So ^ + ^ is reduced to ; 

Fraftion whole Denominator is ^^ if we chang< 

.1 r XI- « + ^. ad-^bd 
the Fraction mto 5 — . 

71. Which Rule may be applied to Unity its 

felf ; and T is equivalent to Unity, as is alfb 

d aa-\- hb 

7 and — .—7,. 
d aa^ib 

A Fraftion may be reduced to another more 
fimple, if the Numerator and Denominator have 
a common Divifor (67). And by how mtich 
greater this Divifor is, by fo much will the 
Fraftion, when reduced, be the (impler. 

72.-4 FraEiiott is reduced to the Jtmplefi poffibU, 
if the Numerator and Denominator are divided fy 
their greatefl common Divifor. 

I will for this purpofe lay down a Method by 
which the greateft common Divifor of two Quan- 
tities may be found. 

Of Finding the Common Divisor. 

Plate I. 73. Let A Band CD. be given Lines, whofe 
** !• greateft common Meafure is fought. 

If the lefs exaftly meafures the greater, then 
will the lefler CD be the Meafure fought. 

But if after the leffer has been taken from the 
greater as often as poflible, there is ftill a Re- 
mainder, as £ B ; it is evident that the Meafure 
fwght that meafure^ CD^ will alfo meafure it, 

how 
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how toftm fceirfer repeated: that is, itwillmea- 
fure AEj but it.oughc alfo to aiealure AB, 
therefore E B likewife. 

We are therefore to ieek the greateft common 
Meafure of the Remainder EB, and the lefler 
CD. 

If tfce Remainder EB exaftly meafures CD, 
£ B "will de ihc Meafure fought. If it does not 
meafure it, let it be taken from C D as often as 
it can, then by a Detnonftration (imilar to the 
precedent, it will tip fcufld that we muft feek 
the common Meafure of this laft Remainder, and 
the precedent one E B ; and the Operation is in 
the fame omvier |x> be contiiiued, till the laft 
Remainder exaftly meafures the precedent Re- 
mainder. And from hence we deduce this Rule: 

74. Txw Quamtks heing gri^m^ vshtfe gnatefl 
cfmmm Mkafwrf is fought ; divide the grffater by the 
lejfer^ rejeHing the Qmiem ; divide the lejfer by the 
Remainder^ and I'i^^ujuue the Operation^ always re-- 
jeEiing the Quojients^ and dividing the Divifor of the 
lafl Divificn hy the Remainder of the fame tiU you 
come to a Divfion without a Remainder^ the Divifor 
of this Divifion is the Qff amity fought. 

This Rule js (Efficient whilft Numbers only 
aie confidar'd, and brings to Unity, if chey have 
no other common Meafure. 

If the Quantacies proposed are Algebraic, there 
are thefe two thmgs befides to be obferv'd in 
each Divifion. 

7 J. Try whether the whole Divifor can he divided 
h ^^y Qi^^ntity either fimple ^r fompound^ by which 
the fir ji 'Term of this Divsf<>rmay be divided. 

76. If the firft Term of the Divifor does not ex- 

aSily divide the frft Term <>f the Dividend^ the whole 

Dividend w to be multiplied by a Quantity which 

gives this Divifion exatify. This Quaotity will be 

C 2 diico- 
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difcover'd by a fimpleConfidcr^tion of the Qii 
titles, with a fmall AttentioiL 

Example I. 

Let there be fought the greateft common 1 
vifor of thcfe two Quantities, each of wrhich 
have orderM according to the Dimenfions of tJ 
Letter a. 

— bba^bdd 
^dda 
And 

a* '^'daa'-^bba'^bbd. 

ift Divisio N. 

I divide the firft by the fecond, and the Quo- 
tient is I, which I negle^ ; the Remainder is 
— daa + bda + ^hbd 
-—dda—bdd, 
which I divide by d C7;), and I have 
aa-^ba-^ ibb 
--da — bd. 

2d Division. 

By this Quantity I divide the firft Divi^, 
negledking the Quotient — a^ and there remains 
baa-^-bba^^bbd 
--bda, 

which divided by * (75), produces 
tf /r + ^tf — bd 
— da. 

3d Division. 
By this laft Remainder I divide the Divifor of 
the laft Divifion, the Quotient is ~i, and the 
Remainder is iba 
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Which Quantity I divide by 2* — 2 J, and 
a 4 * the Quotient is the Divifor of the fourth 
I)ivifion(75)' 

4th Divisio N. 
By a-^tl divide the Divifor of the third Di- 
tifion, and there is no Remainder ;. therefore 
tf + * is the greateft common Divifor fought. 

Example II. 

There arc Quantities given, ordered according 

to the Dimcnfions rf the Letters. 

a^+abJs—ddgs 

aafh. 

And 

aahh-^^^dg-^-ddgg 

The "^greateft common Divifor of thefe is 

fought. 

ift Division. 

I divide the firft Term of the firft Quantity 
by the firft Term of the fecond, the Quotient is 

i ; I multiply therefore the firft Quantity by *, 

to take away the Fraftion (76), and then the 
Quotient is/j the Remainder is 
ahhdg-^ddggh 

^affdg + ^SSf 
The whole Quantity being divided by if, 
tfac^e is produced 

ahh^dgh 

Q I Both 
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Both whofe Terms imiy hk d&dded by h^f^ 
fo that it is reduced to tiit 

Which exaftly dtrides the D?tifor 0^ the' fttft 
D' vifion, and is the common Divifor ibbght. • 

77. It is to be obfrrv'd^ -that fometimes the 
common Divifor thus difcover'd ii not- the great- 
eft ; which, when it happens, and how in fuch a 
cafe to find the greatefi^ 1 vriH ihow by ail Ex- 
ample. 

£ X A Up L k lit. 

There are Quantitiea giv!&tt, «dcf*d Mcor- 
ding to the Dimenfions of the Leftet A • '^ 

add — bdd 
adf^fbi ' 
And 

agc-^fge 
agd — bgd 
ale ^ tk 
ald-^tld 

The grcatcft common Ditifor ^f theSt is 
fought. 

I ought to divide the firfl Quantity by the fo* 
cond (74). 

But this Divifor may bere^uced 175), j^ecaale 
both Terms are divifibie by gc^gd+k^ld^ and 
tl.c Q_aotient \sa'-^h. By which the Divifion of 
the hrft Qiiantity proceeds without a Remain- 
der ; yet rt — ^ is not the greateft conimon Dir 
vifor. . "^ ' ' ^ •• * 

78. For the greatefi commm /Divifir is never 
found, when in any Di't>ifi(in tk^SS*Mtity by which 
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w ridiice th Diififofl^ts a^ the Divifor (ftie Divi- 
dend^ 0T has a tiynmonDivifor tvith the hividend ; 
as in this Cafe, in which 

^c^gd+k+Jd 
can be divided by c^^' d; by which alfo the firft 
of the given Quantises, may |>ct4iyidedi. . 

79. That we fliiay therefore attain to the 
greateft Divifor, we ought to examine in each /ingle 
Divifion^ whether the Quantity by which we redtice 
the Divifer has fhe fame common Divifor with the 
Dividend of that Dfvifiom Iffo^ we ar^ then to di^ 
vide this Dividend by that common Qiyt for ^ to re- 
duce it \ and when,, the whole Operatign is inifii'd^ 
w< fm^ multiply the common Meafwre found by tkis 
farticufar Divijor^ 

Jfa thp laft Example, when I find the Divifor 
may fee reduced by qividing it by gc-^-gd-^lc+ld^ 
I inquii:et whether tHi3 Q^^^ntity has not a com- 
mon Divifor with the Dividend ;' that is, with 
the firft of the proposed Quantities : And I find 
that c-^ d is fuch a common Divifor, by which 
I divide that firft Quantity, which is then re« 
duced to this 

ad'^hd 

I hid before reduced the Divifor to^— ^, 
which becaufe it divides the other without a 
Remainder, is the greateft common Meafure of 
thefe Quantities; I ihultiply therefore a — b 
by c tJ- J', and jic ^ ad-^bc — • W will be the 
greateft common Divifor of the Quantities pro- 
posed. 

Of thb REDuctWK of Fractions to a 
Common Denomination. 

80. Different PraStions are reduced to the fdme 
X)ett0minator by multiplying the Numerator and Deno- 

C 4 minator 
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minator if each, by the Deaminat^s rf all the-r^ff i 
by which Operation the particular Fraftions'are 
not changed (67). '. ' 

E X A M F I. E. 

Fraftions to be reduced, 

^ cbd a a '^ 

r Tr r* ;*, 

The fame Fraftions reduced are, . 

fMr fhlr jhh 

81. Iftvio ormore'Denontinator} have'' a cmntm 
pivijor, thefe before the Operation may bediviMby 
it. If then the Operation being ended^ the common 
Vmminatoty, as alfo the Numerators (f thefe frac-^ 
tions which were not divided are multiplied by that 
common piyifor, the reduced fya^ions will ke more 
fimfle. \ ' - 

*""\. ' £^ AMP LE.'. ■ • r' 

Fradlions to be reduced, 

1' ihrJ^h' 

The common Divifor of two DeOettioators is 
h and ^ 

Jlmh abdsm fUl 

slmh^ slmh • S* ^ 

fire the Fraftions reduced. The Example de- 

monftrates it, 

Of Addition and SifBTRACtioi? op 

Fraction* ' 

p2. Whfn the FrfiBions are reduced tB a common 
pemminator, h the Num^ators be added or fub^ 
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EXAMPLBS. 

^. ad fs ml 

Gm,^, -. -, 

bht 
The Difference of the two firft, if fubftraftcd, 
• ^^^ — fsb 



Given - . 

ai + h^ m—hh * 

The Difference is ^^-^•^:f-f + ^^V 

Op Multiplication. 

The Multiplication of Fraftions is founded 
upon this Theorem. 

83. Tie ProduB of any two Quotients is found by 
dividing the Produii qf the Dividends by the Pro^ 
duU of the Divifors. 

Let ab be the Dividend, the Divifor a^ the 
Quotient is b. Again/ let cd be the Dividend, 
the Divifor c, and Quotient d; thefe Quantities 
may repreient all poffible Quotients, Divifors, 
and Dividends. The Product of the Quotients 
is bd: the fameX^uantity is found, ifa^cithe 
ProduA of the Dividends \$ divided by ac, the 
Produft of the Divifors. 

84. FraEliens are Quotients, and are mtdtifUed 
ftif multiolying their Numerators and Denominators 

68- 83-) 

Ex. 
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Example. 

af . as oafs 

•J by — produces ^-r-* 
d ^ m ^ dm 

hm Im ' Uf^ 

7+, by ^Z:^ produces ^j^:-^.- 

8 J- That the Fraftioa which escpre^es the 
Produft may be the fimpleft poffible, it is not 
fufficient to reduce the Fraftions to their fimpkft 
Terms before Multiplication. Pat if .the Nu- 
merator xif one has a common Divifor with the 
Denominatorxjf another, the Produ& may be re- 
duced by the following Rule. 

85. The EraBions being reducd to their fimflefi 
Terms^ let the Denominators te changd^ and then 
reduced again. By this change the Fraftions are 
indeed alcer'd, but the Produft is ftill the fame. 



£ X A 
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Let there be Fradicms to be multiplied 
da^-- dh^ fl^ 

The Fi^dlions reduced will be 

dga — dbb fl* , ^ 

fg \ aa+iab + bb" 
And changing their Denominators, they arc ' 
daa-^Sb //* 

aa+ lab-^- bV fg ' 

And again reduced they are 
da—& /? 

a^b' g' 

The 
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87. Jfa BaSlim is nmkiplied by the DenminMr^ 
the Products the Numerator (35. 40- 4i-) 

Op D 1 VISION. 

88. T%e Divifion afFr anions is the Divtfion of the 
Quotients of 2 Dtvifions (38 39) v)hich are ex^ 
frijfei by retaining the Dividends and Divifors. 

Let ak be any Dividend whatfocver, a the 
Divifor, the Quotient is he ; which is to be di- 
vided by the Quotient of this other Divifion cd 
by d, which is c. The Quotient be divided by 
c gives i 'for a Quotient, which we may alfo 
difcover by a (ingle Divifion. 

.S9. fVi muft mukiPly the Dividend rf the firfi 
Divifion by the Divijor ofthefecond, and divide the 
ProduB abed by acd the ProduB of the Dividend 
of the fecond Divifion drawn into the Divifor (f the 
fir ft ^ and we fi>M hOFoe b fet the Quotient of the 
of^er tvto^ Qmiems. 'the Divifions hire made ufe ef^ 
rfptefmt aU fofftUe Divifims. 

.4 d 

Let there be now Fradilons -7 and ^ of which 

be 

the firft is to be divided by the fecond ; the Di- 
vidend of the firft Divifion is tf, the Divifor b^ 

the Quotient is the Fradkion ^ (38. 39.) the Di- 

^dend of the fecond Divifion is d^ the Divifor 

r, and the Quotient — . 

If now we divide ae by dh^ we Ihall have the 

Qjwtient 6f the Pr»ai<m$ ^ (8p,) 

99, We 
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po. TVe may reduce this Divifion rf FraBions t9 
their Multiplication^ if we change the Numerate if 
the Divifor into a Denominator. 

The Divifor is -», which chang'd is 4 ; and 
this Fraftion, if multiplied by y^ gives the 

Quotient already difcoverM —. 

It is manifeft that all which has been obferv'd 
relating to the Multiplication of Fraftions (84.85) 
may be here applied after the Tranfpofition of 
the Numerator. 

Op the Extraction of Roots. 



a . aa 



The Square of the Fraftion v is rr*, the Cube 

, b bb 

a^ 

— ; whence it follows, 

91. 'That the Root of a FhtSion wiB he found 6y 
feparatefy extraSling the Root from the Numerator 
and Denominator : wherefore hither may. be re- 
ferred all that has been explained above (j8, <Sr 
Jeq.) relating to the Extra&ion of Roots. 

Examples op S4uab.e Roots; 

aa + 'i'dh + bb ) 
bb 

a A-' L 
Has the Root — ~. 

-n.has the Root -7^, , 



CHAP. 
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C H A P. V. 
Of Surd ^antities. 

9i.Q^Urd Quantities may often he reduced to moire 
(3 fif^fl^ onesy which Reduftion is founded 
on this Theorem : 

93. The Root of a ProduEI is had by multiplying 
the Roots of the Quantities to be multiplied. 

It is evident, if two Quantities aa and bb are 
to be multiplied, that their Roots are a and *, 
and that the Produft of the Roots ab is the 
Root of the Produft a*b*. 

94. Let there be now a furd Vaabd this may 
be reduced, for it is the Root of the Produft of 
aa by W, the Roots of which Quantities are a 
and i/W, and the Produft of thefe a \/bd is 
equivalent to the Root proposed (pj.) In the 

fame manner y'^*^ is equivalent to ^ x\/i. 

95. In this cafe, the Quantity whofe Root is 
cxprefled by the radical Sign, (as here b) is laid 
to be UNDER THE SIGN, aud the other as a 

WITHOUT THE SIGN. 

95. Roots qf the fame PoweTy which when they are 
reduced to thefimplejl pojjible^ have the fame Quan^ 
tity under the Sign^ are c^i//(?i Communicants, as 
^aab and ^ccb^ which are reduced to thefe, 
a^b^ c\/b. 

97. The radical Sign mayfometimes vary without 
(hanging the Root it exprejfes^ for it is evident that 

^/aa, /a', /a^, y^a\ &c. do all exprefs the 
fame Root a. 

98 
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98. T^his Mutation may he made hy raifing the 
Quantity under the Sign to a Pvwety by vthofi Index 
the Index of the radical Sign is multiplied : fo 

y/^a^ is not changed^ if whilft the Index of the 

Sign is multiplied by 2, to make it/, a^ is 
rais'd up to the fecond Power, and is trans- 
formed into tf*, i/a^ being equivalent to y^ /i'. 
pp. Hence we deduce the Rule by which v/«- 
rious Roots are reduced to a common radical Sign. 

100. But firft we muft teach how to difcover 
a Number the leafl of all that can be exaBly divided 
by every Index of the radical Signs given ; for this is 
the Index of the Sign fought^ if we want the iim- 
pleft ReduflioQ. 

10 1. 'The Product cf all the Indexes is indeed ex- 
aSily divifihle by each Index ^ but if any amongfi them 
have a common Drvifor^ fuch a Product is not the 
lea ft that can be divided by each. In this 
Cafe all thofe Indexes which have a common 
Divifor, are to be divided by it {one only excepted^ 
and the Quotients are to be made ufe of in the Mul^ 
tiplicAtion^ infiead of the Indexes they proceed from. 

A Quantity, the leaft of all that is divided by 
thefe five, ab, df aim. In, ag, is thus difcovered : 
Of the three Quantities /i^, aim, ag, which have a 
for a common Divifor ; let two, as ab and aim, be 
divided by a, and we fliaH have b, df, bn. In, ag. 
Amongft thefe, two Un, in, have a commoji Divi- 
for / ; let one of them be divided by /, ^^d the 
given Quantities are reduced to thelc, b, df^ m. 
In, ag, and that the Produft of thefe bdfmlnag 
is divifible by each of the given Quantktes, is e- 
vident from the OperaticMi it fclf. 

102. IVhen the common radical Sign is difcover^d, 
every Root is reduced to it, by dividing the com- 
rnon radical Sign by the Index of the Root, and 

raifing 
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kmfivg the Quamhy under the Sign to a Power ^ 
whofe Index is the Quotient of that Divifion, This 
follows £rom. what has been already explaia- 
cd(p8). 

Example. 

yah, Vab\ Va'd, 
ArcT^uced to. 

V'a'b'^ Va'^y, Va'i\ 

In the following Operations, it is always 
fuppofed that the Roots are reduced to a com- 
mon radical Sign. We Ihall now explain Mul- 
tiplication and Divifion ; and after that. Addi- 
tion and Subtra£lion. 

Op Multiplication. 

The Multiplication of Roots is founded upOn 
this Theorem : 

103. l^jhe Root of the ProduS of tie Powers 
is extrailed, it wiB be the ProduEl of the Roots. 

aa and hi may reprefent any Squares ; the 
Koots of them are a and h, and the Produft of 
Thefe is n*. 

The fame Produft is alfo found by multiply- 
ing aa and bt together, and extrafting the Root 
of die Produd aabby nor is the Demonftration 
diflferentrn any other Power. 

lOi^-hti/luluplkation keep the radical Sign of 
the Roots, and multiply the Quantities under the 
Signs. 

E X A M *P L E S. 

y^a ^y sjh gives y^ai 



^a-^b by //I — b gives s/aa'^bb. 

105. 
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105. If the Rms are multiplied by ratitmaf 
Quantities^ that is, if there are Quantities given 
without the Sign, thefe mufi be mukifliea /r- 
farately. 

Examples/ 

a^b by d^c gires adujbc 
a^b by e'i/b gives ae^bb or aeb. 

106. When there are ccmpouvd Quantities to be 
managdy the Rules delivered above (41 , 46.) vjiB 
be iff ufe. 

CfDlVXSION. 

107. As Divifion refolves what Multiplica- 
tion had compounded, it is evident, 7%at in 
Divifion of Roots^ the Quantities under the Signf 
are to be divided^ and the Sign ftillto be keft. 

Examples. 

\^a^ by y^a gives V^ (i$. 104.) 
ady^bc by ay^b gives J/c (35. 105.) 

108. In compound Quantities^ the Divifion h 
performed by partSy as we have above explained. 

Example. 

— — \a\/b-^^/dkf 

aS+a^fghb'-dby^df^fy^dbsh ' ^ ^^ 



r-adb +db^df UVb^Vfih 

--ay^fghb +f/dbgh 



04 
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Of tHB Extraction of Roots* 

I op. ExtYoBim of Roots if performed either hf 
extra^ing the Root of the Quantity under the Sign, 
or by changing the Index of the radical Sign^ or bj 
annexing a new radical Sign. 

*— ft 

The fquare Root of /^^ is y^a^ 

The fquare Root of Yab is \/ab. 

The fquare Root of ^ + /^isV^a + /MI 

Other things that might be obferv'd relating 
to theie ExtradtioAS^ are of a higher nature. 

Op Addition and Subtraction. 

11 0. In Addition and SuitraSlion of Roots what 
has been already faid relating to fimple and compound 
Quantities (l 4. 43. 15. 44!) is to be obferv^d. 

111. But it is to be remarked, that the Sum' 
may be otherwife expreffed ; for the Sum of the 
Roots /i and ^f is indeed i/<af + y/, but the 

fame Sum is alfo sld +/+ i\^fd. 
. T he Difference o f the fame Roots is ^d — y^ 

ory/d+f-iVfd. 

The Demonftration of this will be eafy, if we 
confider that the Sum of two Quantities is founds 
if we extradt the fquare Root from the Square 
of the Sum ; but the Square of the Quantity 
^d + y/f\sd+f+2y^df. 

In the fame manner, the Difference of the 
fame Quantities is found by extrading the 
fquare Koot oCthe Square of their Dilerence. 

Something of the fame nature might be ihown 
'as to Cubic and other Roots, but it would not 
be of any great ufe. 

D iia# 
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111. The Sam of Communicant Roots m^y be 
exprcflTed othcrwife; for a\^b + d\/b is a -j- i^y/^, 

113. But^nrhcthcr the Roots are Cominuni- 
cants or nor, is diicover'd by Multiplication. li 
the Queftion is of fquare Roots^ the fquare 
Root will be exaftly exrra£led from the PrcduA 
of the Quantities under the Signs. 

Let the Quantities be y^aat and Vddty the 
Produft aabddb has a fquare Root abd. 

1 14. In Cubic Roots let one of the Quantities 
be raised to the Square, and let this be multiplied 
by the other Quantity ; from which Produdl the 
Cubic Root may be extra&ed, when the Roots 
are Communicant. 

Let there bt\/aH and 1/^**, I multiply the 
Square a^bb by dH^ and the Produd a*d^b* has 
a Cubic Root aadb 

115. In Roots of the fourth Power let one 
Quantity be raised to the Cube, and let this 
Cube be multiplied by the other Quantity. 

ii5. And generally if the Index of the Root 
is », one of the Quantities muft be rais'd to a 
Power, whofe Index is n — i, as is fuflScicntly 
manifeft from what hach been already explainU 




CHAR 
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CHAP. VL 
Of Trofortions and Trogreffions. 

iiy.npHE Sign of Equality is this =. 

X We have obferv'd in the firft Chap- 
ter, that all Comparifon of Quantities may be 
referred to Addition, Subtraction, Multiplica- 
tion or Divifion. 

118. Addition and Subtraftion are oppofed to 
each other, as alfo Multiplication and Divifion. 
Wfjerefore aU that relates to the Comparifon of Quan^ 
titles may commodioufly he referred to two Claffes. 

For in the Comparifon of two Quantities, we 
either regard their Difference, that is, what is 
to be added to one to fc^rm the other, or we con- 
fider how often one is contained in the other, 
that is, by what Number Cwhich may be a Surd) 
we muft multiply one to produce the other. 

There are various things to be.obferv'd about 
thefe Comparifons, before we come to the gene- 
ral Rules by which Truth is inveftigated, and 
Problems are folved. 

up. If four Quantities being given, the Diffe^ 
rence of the two firft is equal to the Difference of the 
two laft^ thofe Quantities are faid to be in Arithme-^ 
tic Proportion. 

1 20. This is mark'd with three Poihtis ' . * thus, 
as 5,7 *.' 13,1 J. or ajb '.' c^d. 

121. In every Proportion the firft and laft 
Quantities are called Extremes, the others arc 
called Means. 

13 2. In this Arithmetic Proportion, a,b\' c,d, 

from the Nature of the Proportion a^^b= c — d 

D a ("?)• 
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(119X if to both we add *-f- ^, we do not 
ftroy the Equality ; and then /i+^==^~f"^> t 
is, the Sum of the Extremes is equal to the Sun 
the Means. 

123. Arithmetic Prof ortion is faidto be contin\ 
when the firfi Term differs as much from the feco. 
as that does from the third, as/, g \'g^ h ; wh. 
Proportion is alfo thus expreffed -r-Zi Sj *• 

124. A Series of Quantities^ in which the Di^ 
fence if any two direSlfy following each other is alwi 
the fame, is called an Arithmetic Progrefjion ; 
6y 9, 12, 15, 18 > thefe are marked by the ian 
Sign ^ as -^ a, b,c,d, e. 

125. This Progreffion, if the Difference \ 
the neighbouring Terms is », may be thus ea 
preffed : -rayU-^-n, a-\- 2n, a-ir 3»> '^ + 4^ 
&c. And we fee how from the two firfi Terms give 
any other may befoumi; as for example, the tent 

is tf + P»- 

In the forementioned ProgreflSon we have the/i 
Proportions, a, b :.fgy and b, C. e,f; and alfi 
Cy d /. d, e. From hence we deduce, that ^ + ^ 
= i + /= c -{- e = 2d (122) ; theref ore a'-j-i 

+ c + d+ e + f+g= 3^xa+g, whence 
we form this general Rule. 

125. The Sum of an Arithmetic Progreffion is p- 
quivaient to the Produii of the Sum of the firfi and 
lafi Terms, by half the number of Terms, 

12 J. The other Coroparifon of Quantities, of 
which we have fpoken (118), is determined by 
Dlvifion ; for the Quotient exprefles how often 
one Quantity is contained in another, and this 
Relation is call'd the Ratio. 

128. We difcover the Ratio given betwixt <i 
and b, if we divide a by b, and the Quotient is 
called the Exponent of the Ratio. 



I2p* 
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lap. We divide the firft Quantity by the fe- 

cond, to determine the Ratio i 7 is the Exponent 

of the Ratio betwixt a and ^ ; and on the con* 

b . 
trary, - is the Exponent of the Rauo of t to a» 

130. The firft Term of the Ratio is called the 
Antecedent, and the fecond the Consequent. /^ 

131. A Ratio is faid to be greater, by how 
much the Exponent is greater ; and vice verfa. 

132. Ratio's are faid to be equal, if their Ex- 
ponents are equal ; for in that cafe both Confe- 
quents are contained in the fame manner in their 
Antecedents. 

133. Four Quantities y of which the firft has the 
fame Ratio to the fecond^ that the third has to the 
fourth^ are faid to be in Geometrical Proportion ; or 

fimply to form a Proportion. 

X34. This Proportion is thus mark'd : : 
a^b :: c^d 

iignifies that a has the fame Ratio to ^, that € 
has to d. 

Therefore if a is divided by ^, the Quotient 
will be the fame that arifes from dividing chy d 

{ill) I that is, y~^- 

If we multiply each Quantity by bd^ we have 
ad =bc ; whence it follows, that in every Propor^ 
tion the ProduSi of the Extremes is equal to the Pro-- 
duB of the Means. 

1 3 J. The Inverfe of this Fropofition is alfo 
true, T^hat Quantities are proportional^ if the Pro-- 
duEl (f the Extremes is equal to the ProduB of the 
Means. 

lifg^hl,! fay/,A::/,^. 

D 3 For 
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For if we divide each of the Quantities by j, 

we have •7«= -^, which demonftrates the Equa-- 

lity of the Ratio's of /to A, and / to g. 

136. Of one Proportion there may be various others 
fortnd. 

Let a^bix c^d. 

By Inverfion b^an d^c. 

Alternately a^c ixb^d. 

G)mpouncied a-^-b^b iic-^ d,d. 

Divided a — b^biic — ' d^d. 

By Converfion «, ^ dr ^ • 2 <^> ^ dl ^• 

Thefe all arife from the firft Proportion, 
a^b :i Cy d. 

That all thefe Proportions arife from the firft, 
is very dear (135); for the Produft of the Ex- 
tremes appears by a fimpleMulci plication to be e- 
qual to thePmduft of theMear s, if we only remem- 
ber that ad = be from the hrft Proportion (134.) 

137. In the fame manner, we may prove that 
any two Proportions whatfoever being given, as 

a^bii c^d 

will by Multiplication form this other, 
afy bg : : cA, dl. 

138. If the fame Ratio has place in both Pro- 
portions, it will be alfo 

^+/, h + giic-^h, d + l 

139. T'he Ratio betwixt two Quantities is not 
changd by their being multiplied or divided ^by the 
fame Number^ it follows from a Theorem before 
demonftrated {66). 

140. If there are gfven various equal Ratio'' Sy the 
Sum of the Antecedents is to the Sum of the Confe- 
quents, as one Antecedent to its Confequent. 

Let 
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Let it be a^biic^dtie^fiig^hx : /,/ 

Alter, fl^ci: byd. 

Com. a-\-c^c:: t -^ d^d. 

Alt. a -\' c^t-^-dt zc^dz: e^f. 

Alt. a+ c,e:zlf + d,f. 

Com. «4- f+ ^> ^-5 *+ <'+"//• 

Alt. /i + c+e,*+i + /::^,/. 
And by concmuing it in the fame manner^ it 
will be evident, 

H-hc+e + g + i.b + d+f+b + izziJ, 
or a to .t. 

141. 7f there are two Orders of Quantities ^ and 
the firfl is to the fecond in the firft 0>der as the fifk 
to the fecond in the fecond Ordery and as the fecond 
to * the third in the-frfl Order^ fo the fecond to the 
third in the fecond Order , and fo of the reft ^ then 
the Sum of oB^ the Quantities in the firft Order^ will 
be to the Sum of ali the Quantities in the fecond Or* 
der^ ' as any Quantity in the firfl Order to its corre^ 
ffonding Quantity in the fecond. 

Let ^, by c, dy be the firft Orden 

L g^ K U the fecpnd. 

byCiig, h\ • 

Cyd: z hy i ; 
Therefore alter 

a,f'ibyg:ic^b:id,i} 
And 

a+b + f + dyf+g + h + /:: aj, 

' A Ratio IS faid to be the Jnverfe of another, 
when the Antecedent of one is to its'Confequent, 
as the Confequent of the other to its Antece- 
dent. And a mutable Quantity is faid to fol- 
low the inverfe Ratio of another, when that is 
increafed as tlus is diminiflied, arid m^ verja. 

D 4 I42, If 
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142. ^ there are given varims Quantities, ethers 
that are at inverfely as thefe, are difcove/d by di^ 

aiding the fame Quantity by each j "^ i T » '^ i arc 

re^ftively inverfely, as a, b, c: for — , 7- • = ^^ ^* 

(1355) as is evident by multiplying the Extremes 
and Means. 

143. Three Quautities are faid to be in cof^inual 
Proportion, if the firfl is to the fecond, as thefecond 
$0 the third. 

144. The Mark of fuch a Proportion is "^. 
•fr a, by c, fignifies a,b \ib,c\ and 

^ a, by c, d, ej, g, denotes 

a^bw byC '\c,dx\d,e\\ej,x\f,g. 

145. Which Quantities are faid to be in 
jGeometric Progression. 

146. Of which this is a Property, that the 
Sum of all the Terms except the laji, are to the Sum 
tf all except the firfl, t^s the firfl Term to the fe- 
fond,(i^o.) 

147. A R(itio is faid to b^ compounded of other 
J^atii?s, Vihen it is produced by multiplying thofe Ra^ 
tio^s together. Ex. gr. Let a be double b, and q 
triple ij now if /is both double and triple^, 
that is, twice triple, or three times double, or 
fextuple ; tljis Jaft Ratio will be Qompounded of 
tne other two. 

148. The E^xponem (f a compound Ratio, is the 
ProduB of the ^ponents tf the Rations it is com^t 
pounded of 

X45}. Whence we deduce, that any Ratios, as 
4 to by and c to d, /to g, being given Quantities 
in a Ratio compounded of the fe, viiU be difcoverd 
^ mfflffyf^ th( 4^fci4fm 0jld Qonfe^uems toge- 
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thtf ; the Exponent of the Ratio a cf to b dg^ is 

~^. the Produft of the three Exponents of the 
bag 



. d e f 
precedent Rations p j-, — . 



I JO, 4 Ratio compounded of two equal Ratio\ is 
tdlkd a duplicate Ratio. 

i^i. A triplicate Ratio is that whtcb^is com^ 
founded of three equal Rations ; andfo of the reft. 



CHAP. VIL 
0/ Tfoblems. 

PRoblems are Queftioos to be folvM, (11.) 
152. 'the Solution of a Problem is the 
Anfwer to a Queftion, or the Determination rf 
the Quantities fought. 

153. The fame Problem has oftentimes various 
Solutions, from whence proceeds the DiftinAion 
of Problems. 

1 54. Thofe Problems are indetemnn^d which have 
innumerable Solutions.\ 

Ex. gr. If there are^fought 2 Numbers, whofe 
Produft is 24; the Problem will be indeter- 
min'd, bccaufe the Number of Solutions cannot 
be determined. For if we divide 24 by any 
Number at pleafure, the Quotient will be a 
Number that, with the Divifor, will anfwer the 
Queftion. 

155. Determined Problems are thofe, which hoM 
a determined Number of Solutions. 

155. Thofe which have only one Solution, are faid 
te beef one Gimenjion. 

Such 
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Such is th/s : 

Required 2 Numbers, whofe Sum is 22, and 
Diflference 6. AnC 14 and S ; neither is there 
any other Solution. 

I J 7. Problems are /aid to be of rm Ditnenjtons 
when they have two Solutions. Ex. gr. 

To find a Number whofe Square plus 6 is e- 
oual to the Number fought multiplied by $• 
Anf. 2 or 3 ; nor hath it any other Solution. 

158. The following is a Problem of three Di^ 
menfions. 

There is a Number fought, which being mul- 
tiplied by II ; f/to the Produft there is added 
its Cube, the Sum ihall be equal to (ix times the 
Square of the Number fought plus fix. There 
are three Solutions of this Problem, and either of 
thefe Numbers i, 2, 3, will anfwer the Condi- 
tions of the Problem ; but no other* 

15511. In the fame manner higher Dimenfions are 
determin d from the Number of Solutions. 

I (hall here treat only of thofe of one and two 
Dimenfions, 

160. All Problems are folvdby Equations. 

161. Two equal Quantities joind by the Sign 
of Equality^ are caffd an Equation. This is faid 
to be of as many Dimenfions as are the Dimen- 
fions of the higheft Power of the unknown Quan- 
tity in it. 

162. By the Rules delivered in the following 
^Chapter, determined Problems are reduced to one 

Equation, which hath only one unknown Quan- 
tity in it, and this is called a Single Equa- 

TION. 

1(^3. In indeterminM Problems, this laft E- 
quation contains two, or more unknown Quan-^ 
titles, which (one only excepted) may be deter- 
mined 
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min'd at pleafare ; fo that only one unknown 
Quantity remains in the fingle Equation. 

1 54. In this fingle Equation, the unknown Quan- 
tity muft be fo feparated from the known, as to 
ftandby itfelf in one Member of the Equation, 
or on one fide of the Sign of Equality, and ail the 
known Quantities on the other. This in Equa- 
tions of one Dlmenfion, is called Reduction of 
Equations ; and in other Cafes the Solution of 
Equations. 

165. T^he fingle Equation has as many Dimen- 
fions as the Problem has Diwenfions or Solutions. 
This Propofition, and in what Cafes there is an 
Exception to it, we will demonftrate in what 
follows. 

166. Some Problems, in which the unknown 
Quantity has two Dimenfions, are refer'd, as to 
their Solution, to Problems of one Dimenfion, 
and others in which the unknown Quantity has 
four Dimenfions, are referred to Problems of 
two. 

167. Let X be unknown, and let there be gi- 
ven a and *, xx + ^^ = dx, is an Equation of 
two Dimenfions, and two Values of x fatisfy 
the Conditions of this Equation. 

But if XX =5= aby it is referred to a Problem of 
one Dimenfion, and the Value of x is difcover^ 
by a fimple Extraftion of the Root ; for x = \/ab. 
But it is neverthelefs evident, that the Problem 
reduced to this Equation xx = ah has two So- 
lutions ; for we have not only x = \/ab, but 
alfo X = — ^ab. 

1(58, But fuch Problems are referred to the 
firft Dimenfion, bccaufe they are folv'd by the 
feme Rules j and this Cafe always holds, when 

the 
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the fame Quantity affirmative and negative, ah- 
fwers the Conditions of the Problem. 

I (hall treat in the tenth Chapter of Equa- 
tions of four Dimenfions, that are referred to 
two. 



CHAP. VIII. 

Of the Rules by which Troblems are 
folv'd. 

169. ^"TT^HE ReduEiiott of an Equation is the 

X. Separating of one Quantity from the reft 5 

fo that it alone fbaU be found in one Member : In 

' which cafe, the Value ot it expreflcd by other 

: Quantities, is neceflarily contained in the other 

Member. 

It is to be obferved, that the Equality is not 
deftroy'd, if both the Members are multiplied 
or divided by the fame Quantity, nor it the 
fame Quantity is added or fubtrafted from 
both. 

170. Whence it follows, T'hat any Quantity may 
be tranfpofed from one Member to another^ by change 
if^ its Sign. 

By taking away from both an affirmative 
Quantity, or adding a negative on both fides. 

\ Of the Reduction of E<iUATioNS. 

[ R U L E I. 

ij I. if the Quantity to be fefarated is a Frac^ 
timy the whole Equation muft be multiplied by its 
denominator. 
- Which 
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Which may alfo be applied to any Number of 
Fraftions. 

RUL B II. 

17a. AU the Quantities in which the Quantity to 
be fefarated is found, are to be colleSied in one Mem- 
bery oB the ethers being tranfpqfed into the oppofitc 
one. 

This Tranfpofition, as we have obferved, (170) 
is done by changing the Signs. 

Rule III. 

173. Let both Members be divided by the Qudn^ 
tity {whether Jimple or compound) that multiplies the 
Quantity to be Separated. 

Thefe three Rules are generally fufficient in 
Equations of one Dimenfion, of which we here 
treat : But fomecimes this fourth comes in u£e. 

Rule IV. 

174. If the Quamity to be Separated is involved 
vjith the radical Sign, this is firft to be taken away 
by S^P^^^^^i ^cprding to the precedent Rules the. 
Quantity thus involved from the refly fo that it may 
be alone in one Member ; and then raifing both Mem-- 
bers to the Power whoSe Root that Quantity is of*. 
feBed with. 

Rule V. 

17$. If not the Quantity itfelf, but fome Power 
of it is Separated ; then the Root of this Power is t$ 
be extracted from both Members. 

Example. ■!•' 



, V axx -A- fxx -^r ^' t 
^+ """"^ /. — ' = ^ 



\^a 
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. /r ,3. > Rule 4, 

, J • 

axx + fxx + d'=: gbt— igha 4" gaa. Rule I. 

axx +fxx =sgbb — igba -\-gaa-—i*. Rule 2. 

xx=^'JtZ2lt±f^IZ± Rmej. 

fjjl/ 

^ ^ l/ibb — 2gba4jaa — d* ^^^ 

Of the Reduction of Vakious Equations 
TO One : Or of the Extermination of Unknown 
Quantities. 

Rule VL 

r7(J. Two Equations are reduced to one, by taking 
away one Quantity ; "which is done by Separating th^ 
Quantity Jo in one Equation, by the precedent Rules, 
that it may be found alone in one Member, and then 
fubjlituting its Value in the other Equation. 

Example. 
Let there be Equations 
ax'\-dy=fg 
afx 4- ddx =fjy. 
The firft is reduced to this, 
/ fg--ax 

^ d 

And fubftituting, in the fecond Equation, for y^ 

fg — ax 
its Value — ^ — , we have this Equation, in 

which y is not given, afx + ddx = ■ ; 

which is reduced to this, dafx +^' x =^pg — ffax. 

Rule 
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RviB VIL 

J 77. 4 Quamity may alfo be taken away ly com^ 
faring its two Values together. 

£ X A M P L B. 

Let there be the fame Equations, 
ax + dy =fg, 
qfx + ^^x =ffy 
fcparating;' by the Rules of Reduftion, we have 
_ fg-ax • 
'~ d ' 
afx 4- ddx 

f r afic+ddx fg — ax - . - « 
therefore - \f = j — , which Equation 

multiplied by dff, gives the fame we found by 
Rule VI. dafx +d*x^pg "-ffax. 

Rule VIII. 

178. When there are given many Equations^ one 
Quantity may be taken away by Rule VI. & VII. 
and the Number of Equations wiUthenbe dimini/hed 
by Unity, 

By Rule VI. feeking the Value of the Quan- 
tity to be exterminated in one Equation, and 
fubftituting that Value inftead of that Quantity 
in the oth r Equations. 

By Rule VIL feeking the Value of the lame 
Quantity in all the Equations in which it is 
found, and comparing thofe Values together. 

RULB IX. 

179. By diminijhing continually the remaining E^ 
fuations by this Method^ we JbaU at lafl come to one 
mly Elation. 

Ex- 
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£ X A M P L eJ 

x+j' 4- « = ^ 



a — > 4-» = ^ 
^ + «» + « = ^ 






We will here add the Application of the fe-> 
cond Method to the fame Example. 

^+J' + 5:' = « X=:il — Jf— •«» 

x + /-f« = ^ X = *— .jf — II 

x4-«' + «^ ==<'" X =5 c — z, — u 

jr -f. «, 4" « = rf — — — -— .— 

J4-X.4- » = ^ g,=:£f~j^— ,|| 

a — yz=ic — u 7 = ^ — c + « 

^ 2« — tf +* =a*— f 4.« 

The Methods hitherto explain'd can have 
place only when the Quantity to be exterminated 
IS of one Dimenfion : I therefore add the two 
following Rules. 

Rule X. 
i8o. If the Quantity to be exterminated is ofmimy 
Dimenfions, than from the Equations in which it is 

found^ 



tlm^s^fal Mathematics^ 49 

fmni, there muft he others fomid, by comparing to- 
gether the different Values of its higheft Power. 

Thefe Values are found by the affiftance of 
the Rules delivered about Reduftion. 

Rule XI. 
i8i. Butvihen the higheft Power is not the fame 
in two Equations^ one of the Equations is to be multi^ 
plied by the Quantity to be exterminated, or fome 
Power of it. 

Let there be fought two Equations, ift Which 
X is not found from the giVen Equatioils- 

axx -f. iyx = yyz0 
dxx-^Jx^x^^aat 
exx -f- ddy =^ffi^ _^ 



XX 



yyZf — byx 



a 



aaz, — fcx 



XX ^ 



ffz. — ddi 



XX 



From thcfe three Values of the Square t^sf^ 
^Kc form two Equations ; 

yyz^-^byx gat* -^-^/^x 
a d 

1 * 

The third which may be forn/d out of thefc^ 
is not to be accqunted a new Equation. 

But we want three Equations, bccaufe there 
ought to remain two after x is exterminated. 
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I therefore take one of thefc laft Eqaatimtf^ 
and feek from it thte Valae of >rx, and cotnpaxe 

it with one of the threfe pfecekterft Values. 
The firft of the tv<ro Jaft Equations pwit 

dyyz. — a^t, , ^ 

^ ~ A f ' ^^ iftultiplying this Equation 

by X, produces ^^JL—^ =='— T"^' 

And the Fraftions being taken away by Mulr 
ti plication, we have the three following Equa- 
ttoDS ; from wHicb x may be taken away, by re- 
ducing them to two (according to the Methods 
already explained, 175, 177.) 

dyyz. — Syx = a^ z,'^ ^f.x 

ea*^ — efz»x= dffx»'^^d^y 
edy » 7JX — ea ' 7jx=^dhf^yzs — d * %*-/jf * * * -^afddzy. 

Of the Solution o* Problems. 

Rule XH. 

iSi. A Problem mufl be confiderd abftraSlly. 

Every Queftion that can be propofed about 
particular Quantities, may be applied to other 
Quantities, as is fufficientiy evident ; and there- 
fore the Solution will atfo take place in tbofe 
others : for this reafon, every thing ought to be 
removed out of the queftion, that is not necefla- 
rily to be confider'd in tbeSokitioQ. £x. gr. fup- 
pofe this Queftion propofed : 

A Perfon being ask^d hoiv old he was^ -anfwer^d^ if 
16 is fubftraBed from thrice my Age, the Remainder 
v;iU as much exceed an hundred, as my Age is fhort 
nf it. 'Qu. tVhat toas his Age? 

In this Problem I d6 not confider whdthdr'thc 
"Queftion was really ask*d or not,- I do not 'Exa- 
mine whether- it is Years, or other QudBtities, 
-that enter the Queftion ^ but^ according to the 

above- 



above-mention'd Rule, I reduce the Problem to 
this. 

AftunOmr isfuHgbf, fr^the Tripk «/ wbich^ if 
16 is fubfiraSied, the Remainder vdBas much exceed 
unhitdrtd^ ^s 0ti Ij^ndrtdd^s thf XAmter H felf 

RuLfi xni. 

j8^. 4ny thin^ that is Imfiwn relatii^to the Que^ 
fiiotij thonot fropps*dy is to he made ^fe of in jolv^ 
ing it. 

I will iUviftrate this Rule by an Example. Hier0 
Kio£ of Syraaufe asked Archimedes what quantity 
pf Silver wa^ mixed with the Gold in his Crown; 
the Ciroiwn might be weighed, or pdierwife exa- 
minM^ jirovided it was kept intire* 

Every ope Sces^ ' that without the afllftance of 
fomething dfe known, the Problem could not be 
folv'd ; but he cpiupared the Content of the 
Crown with the Contends of a quantity of Gold 
and a quantity of Silver of equal wc;ight with 
the Crown. This he did by immerging thefe 
Bodies in Water, and meafuring the Water 
flowing over the Veflel, which was fiU'd with 
Water before they were put in. He then foun- 
ded his Calculation upon the Contents thus dif- 
cover'd. See another .Scrtption of the fame Pro- 
blem, vid. Prob.S9' * 

Ruj-E XIV. 

184. T%e Qi^antities made ufe of in the Conditions 
of the Problem^ ought to be exprejfed by Letters. 

I muft here obferve the great Ufefulnefs of 
what has been remarked above concerning the 
DiAiniSkioifi of Letters, by which the known and 
unknown Quantities are denoted (13). 

E a RuLB 
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Rule XV. 

185. Equations muft be fornidfrfmaUthe CmM" 
thus of the Problem. 

The Conditions of the Problem are either E- 
qualities betwixt certain Quantities, th||^ is, £- 
quations ; or other Relations that Equations may 
be form'd from, (122. 134) 

In order that a Problem may be determined, 
it is neceflfary that all the unknown Quantities 
Ihould be determined ; that is, there are as many 
Determinations required, as there are unknown 
Quantities. Each Condition contains one Deter- 
mination, and alfo produces one Equation : 
Therefore the Problem is not determined, unlefs 
there are as many Condition?, and confequently 
Equations, as there are unknown Quantities. 

Rule XVI. 

185. By the foregoing Rules ^ the Equations are to 
be brought to a Jingle one^ which is itfelfto be reduced 
or folvd. 




CHAP- 
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C H A P. IX. 

Of the Ufe of thefe Rules in 'Problems of 
one T)menfiony and of avoiding fame 'D'tf- 
ficulties whffb of times qcqur in Solu- 
tions, 

THE Rules by which Truth is difcover'd in 
the Mathematics being already explain'd, 
it will be neceflary to illufkrate the Ufe of them 
by ibme Examples. 

Aud as Diflficulties often occur, I will point 
out the Caufes of feme of them, and ftew bow 
fometimes they may be avoided, 

Problem I. 

187. T^ao Merchants lay out each ah equal Sum; 
the firfl gains 1 2<5 fl. thefecond lofesiy (L. the SuM 
if the firfi is novo double the Sum of the femd : 
On. What did each lay out? ' ' - 

If the Problem is abftraftly confidcr d, accor- 
ding to Rule 12, (j?*) «in*y ^^ reduced to 

this. /. . , If t 

•To find a Number^ to -which ^i-t^ he added, tt 
JbaS be double the fame Number ^ when 87 is taken 

from it. 

Let the Sum fought be called x, then the Con- 
dition of the Problem is this j x-^ 126 is equal 
?o twice X — 87. Therefore 

X-f-I25 = 2X--^,174. 3QO==X. 

Bict if we defirc aii univerfgl Solution, let a 
|>e the Gain, andi the l^ofst i 

E3 ?f+'« 
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Whence we fee, that however tile ^Lojfi- lU^d 
Gain may be varied, the Sum of the Gain, and 
double the Lofe;, is.eqidvfl|Itnf to the firft Sum 
fought, 

P k o B t E M If . 

1 88. AWoYkman having ttciki^i fitrs tPieks 
Payy and 6 Plaint owr, cofkiHuer to w^it two 
Weeks longer : he then finds he had but a ^uotter of 
what he received lefty and being paid for the other 
ihjjo Weeks y he finds he had it Fkrini : Quit^Whdt 
ioas his Pajfer Week? 

By R^fe-i 1. (ttt,) the Froblem is riediiced to 
this ; To find a Number y which muhiflnd if j, Mid 
6 added tt Ihe PvoduEiy and^^bis Sum divided' iy 4 ; 
if to the Quote, ther^ is added twice th0 Humber 
fought y the >tggregate fiktU bi %%. 

Let the Number fought be x ; this multiplied 
by 5 makes jx^ adding 6 nd it, we have 5^ 4- ^. 

JiiCt it 6e dihrided by 4^ *: — -1 — ^ and add to it 

twice ^, and* the Sum i5 equlvitentto ti : that 

: -PR;03iLtM |IJ*' , y, 

189. -R*^^ ^^f ^f 'C'^^^ M ^ 7I ^' 0?- fi^^ 

willfouHeeh EUi coft ? " . . ■- 
' Let th^^Hce^-foUgbt be^«> ic 13 cvid«nt thit 5 
is to 14, as 177 to tWiluttib*rio£FIorini fot^t 
Wherefore . . 

5> M 
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: • • ' " ^-:' j\ S. .^-. • 

jp9. From thii Soiution w^-^^IW^. ^hj^gjpwt 
ral Rule : When the three fir ft Terms of a Geqm^ 
md Pr(iporti(m0te:iiveff, thefiwrth.is fi$ai4hn^ul'^ 
t^ipiyimg the jkmti.aud:thir4 together^ and divi4i% 
tifPNd^ by tbefitji. Whicft Rule, by r^afon 
ftfks great u&, is.' called the; Gaideii %\x\% » 
^£0 the Rule ^-Thiec,. or tte Rwle.af Propoxr 
tion& . • r'-. . ' - ^ ' '. » 

P \ O B L B M ' I Vv ' 

ip K*^ J4 Merihinf^ hmm^dfome Money , and pro^ 
ntifed$ per Cent., p^r Annum Mer^ft. Qp. ^/2f 
Sum might he to pay ^ffe^n months end^ for the Vfe 

It is deal?, that Jthe Inttrreft mt)fk fdOow-tit 
Proportion of tJxeTime ; and alfo of the Sum, 
that is the Intefeft, ii In a Riti6 compounded of 
:tiicfo: Therefor V/. \ * ^^ ., ; . 

A Number is ^ibdght, tljat -iwiiy be to 5 in a 
compound Raci^ ^f '7 Months .to ts( Mmiths ; 
that is, in the Ratio of 7 xq la^'aoidin the JBLtip ^ 
tio of 66$ to jop.;. 4;io»fequeittly,; if oiis the In- ' 
tereft fought, ;... ... — . 

laxioo, 7x555 :»: f,-4ii 

y= = 19 iT 

i^xxoo '^ ^ \ 

15) 1* 7/ir^<? Mj^af§tf g(ii»'4 infell((wfilf i^^q 
Fkrlrui. 7fe fhtfi iMd^ in acakoo FMms^ and at 4 
jearftt^. dfev> ilhj)m. again } tfie fecund -fut in 6Sq 
fhriBs fprfenenfnmtfrf 5 an4 the^nrd i^^if^rfivp 
pionths : Hov^ is th^ Gain to le divided ? 
" ' E 4 ' " tt 
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It is manifeft, that the .Ga^Q is ta be diinded 
in the Ratio's of the Money each brought, and 
the Time they continued it in : therefore the 
Problem is reduced to this ; . . 

To divide lydo in three parts^ which may be 
betwixt themlelvesj as aooox ii^ 600 xy, 1255 

Let thefe parts be x, jf, jc 5 now we have two 
Orders of Quantities, of which thofe that are in 
the firft Order follow the Ratio of thofe that 
^orni the fecond Order. We liave befidcs the 
Sums of both the Orders ; for x+j4-«' =15^0, 
and 2oooxi2 + d5ox7 + 1255 X5 ssi^^^pj. 
Therefore (141) 

Oooox.i,2=?24opo, y 
348pj,lf(I^Q r;^ <^^ox 7=4^ao,ji ".. 

Hence, by three Rules of Proportion the un^ 
%nown Quantities wiil be determin'dt 

^.PlJ^OBLBW Vlt 

193. Givin the firfl^ fecond Mnd hfi Term of ^ 
Geometrical Prvfcrtmy tofindthSHm^ 

Let ii be the firft Term, k ihe fecond, d th^ 
Jaft, and X the Sum \ we have 

ij, * : : x-^i, X -ff*-^ (146.} 
f^x'--' td = ax^^aa 
bd-^aa 

*~ k—a 

Problem VIL 

1P4. T%e Sum of the Ageiof]ohvi, James, Peter 
and Paul, is p8. 'fhe Age <f Paul if found *ji w- 
king 1 1 fficm the Sum rf the Ages cf Peter and John^ 
the Age of J^mes taken from th^ Age of Paul,' and 
« added, makes the Age of Peter : laftfyy tie Age 
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«/ John h Irfs hf three than half the Sum ofihe Ages 
of Peter ^/f^ Paul Qu. What is the Age tf each i 

Let u be the Age ^ Johny x]thc Age of James^ 
y of Peter ^ and 2* of Pa«/. 

The Gjnditions of the Problem abftraftly con- 
fider'd, and algebraically e^cpreffed, give thefc. 
Equations* 

%^x+ 3=sy ^asz,— j + 3 
y -^ z, = 2U 4- 6 ^ 



u + 2Z. = 9y 22:» = p5— ji 



100 =4» l»=2J 

Therefore, 

y = JC* — »+ 11= il 

ObSE-H VATI O N I.. 

195. Oftimes the Equations of the Problem 
.are reduced to a fingle one more eafily than by 
the methods of n. 178, 179. but as this depends 
upon the particular Relation of the Equation, 
which may be varied to infinity, thefe more fimple 
and elegant Solutions of Problems, which are 
founded upon fuch particular Relations, can ne- 
ver be brought to fixed Rules, But we ought to 
note, that by the Addition or Subtraftion di two 
Equations, a more fimple one is oftime^ form^ ; 
at which in many cafes we fliall al(o arrive, if 

we 
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wc cdmpire two Valued of the fkwe compound 
Qaantity together. Oftimes by thefe Opera- 
tions alone tome unknown (^anrities are excer- 
minated, a$ in the two following Examples. 

Ip5. Ihere are tw9 Quantities fought^ * whoje Sum 
and Difference is given. 

Let the Quantities be x and/, let the Sum be 
a, amllMerefice^; the Equatkma are 
x+y^'a 

x-^y =^ ' " "; -• •• 

ThfcftiEqiMrtiws being.adcied^ we have 

ax = 4 4^ A 
Or the fecond fubftrafted from th^ firfr, - - 

2y = a — li 

pROitEM IX. 
^97. There is given the Periphery 8o, and Area 
240, of iL<right-angledTriafigk, tt find the Hyptn 
thenufe. 

Let the Sides be x, yl z; the I^^thenufe x • 
the Equation^ given are 

'' A:4-74-V=t:8o- 

' ; To whrchi becanfe it^i$ a^'rfght-angfetf'Trran- 
'gle; thi^thifd jstobe^dded r *\ "-:. / 

./ ' . , ,'. "•' .-.yy rh>2:' == ^^ V\ ''' '.^ ' '^ 

;. l£the|econd.E<^uati<>^ is multiplied by ^, And 
ja^M^d^ tQ tte thdxd, we have j^ + 2yz.'j'-^ =3= 

,. T;|ie fiift EqiMtjion gives / 4- «» — 80 — • :f. 
The Stfnatts of the Members are eflinaU 

There- 
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Obser V ATIO N^ 1 Hr . r 

x^. Ofeimts long md difficmlt OperitbtiU 
tn^y be a?oicled, by leekit^ not the Quantiti^^ 
thmfelvcs that are cfefired^ bat others £rom 
Wheiice they may U fcmnd 

This has place in 4fl tboife Caies io which tvr^ 
unktiown <^anticies are foun^ in the fi^me man--* 
net, in all the Equations where drhur of them \^ 

Ex. gr. Let t\kte be fot^ht two Numbers, 
whofe Sttm \% a, and t^eir ftoAiaiett; if tbefe 
Numbers are caBed&and u^ the EquacKHis of 
the Problem ar« 

ft IS et^defit in thefe Equations, that it can- 
not rather deffgn the greater Number than the 
lefier, and mrtft therefore neceffarily have a 
double Value in the Solutfon. It is the fame 
if their Produft is giiren And the Sum of their 
Squirts, and in innumerable other ftrcbkms ; 
In^ thefe Ckfes^ notwithffanding the Probletft 
has only one Solution, we cannot attain to it 
without folving a ProWem of twtr Dimen(!on^. 

i$p. But in all thefe Cafes, when Problems 
arrive to two Dimenitons froni this Ckufe only, 
lis thty do for the moft pan: when Equation^ 
are not very much compounded ; the n:'oblelnS 
may be reduced to one Dimeirfion, by feeking 
the Sum and Diflference of thofe unknown Quan- 
tities^ which have tfaiB fame relation : Thefe bc5ng 
found, the Quantities themfelves are givjen, 
{196) ; but we always have the Cafe of n. i66, 
as to the unknown Quantity that reprefents die 
^ ^ - ' Diffc- 
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Pi&renoe, becaufe the unknown Quantity may 
have a negative Value, but this is nccefTarily 
equal to the pofitive. 

If, ex. ffr. the Sum of two Quantities is called 
ix, and their Difference zy^ the greater will be 
x+y, and the Icflfer x — y^ if > is a pofitive 
Quantity ; but contrary, if it is negative. , Put 
X =7, andjf.=^j, then x^y=io, and x — y^^4i 
but if y = — 3, then it will be x -^-y = 4, and 
K-^y =5= 10. Therefore in the Solution of the 
Problem^ has two Values^ 3 arid — 3 ; but if is 
but the fame Quantity affirmative and negative, 
^nd therefore belongs to n. 166. 

In the fame manner x will fometimes have two 
Values, which will be expreffed by the fame 
Quantity affirmative and negative, if the fame 
Quantities being negative, iatisfy the Conditions 
01 the Problem, as in this : 

Given th BroduEl if moo Numbers^ and the Sum 
af their Squares^ tofindthofe Numbers^ 
/ In this Problem, if ^:he Numbers are called « 
and sc, as tf capnot exprefs one of the Number^ 
rather than another, u muft have two different 
Values in the Solution ; and thefe two Values 
fuppos'd negative, will alfo anfvirer the Que- 
ftion, Wherefore after the Solution of a Pro- 
blem of two pimenfions, we have ftill the Cafe 
pf ». I <^(J. remaining. But we may bring it to 
this by the Solution of a Problem of one Dimen- 
fion, ifonepfthe Quantities i^ called x+7i arid 
Vhe othc^r x, -rr jf. 

ProqlbM X. 

100. T%ere are fmghp t7f)o Quantities^ whofeSum 
find ProduSi is given. 

Let the Sum given be 2^^ and the Produ^ ^ $ 
Jef tbcI)ifferencpl)C?j'. 

The 



TJnmrfal Mathematics. 6i 

The Quantities fought are ^ +> ^nda-^^y^ 
(199) whofe Produdl is aa — yy. 
b :=aa — yy 

yy ssr aa b 

y = >^aa — b 

P R O B L B M XL . 

201, 'there are two Quantities fought^ their Pro-' 
duEl and Sum vf their Squares being given. 

Let the Produft be la, and Sum of their 
Squares 4^. r 

Let the Quantities be called x-^y and x — jr, 
the Produft then is xx — yy, and their Squares 
XX -|- 2xy + yy» and xx -— ixy + yy. There- 
fore 

xx-^yy =^2a 
XX + jy = 2^ 
The Equations being firft added, and then th^ 
firft fubftrafted from the fecond, we have 
2XX = 2tf + 2^ 
2yy = ibj—jta 
x—y^ a + b 
y,=s,Vb^a 

Problem XIL 

202. ^ere are three Numbers, fought in continual 
Proportion^ their Sum ani Sum <f their Squares be-- 
ing given. 

The Sum of the Quantities is a, the Sum of 
their Squares b. 

Let the Quantities be -fr s, u, z... 

The Conditions are / + « + x» = /« 

SS-^* UU'\^ZA^= b 

sizssuUy becaufe Qf their 
continual Proportio9<« 

' ih 
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^ In this cafe s&cA^ ^velottud ia the ifkme 
manner in all the Equations ; therefiaw thgt ?r9 
may deprefs the Problem .to «nc Dimenfion, let 
X 4-;^ = J, and X — y^^ * («9^) then the Pro- 
portion fought is * X + jf, JK, X — J' ; and the 
Equations are 

I. ax -4- «s:jx 

i>. ^Kic + ajif ^4^ W =5= ^ 

if in thelecond Equacica inftead c£ uuwc 
write its Value, we have 

At^ t^ dtinl Eqiaatioa hdsBig Added, 
41W «f * 4- ««* 
in i^ 2x = a — » 
Therefore 4XX = «« -^ a/«» + uu:=i+ uu 

;/ a^ — 5= -5:^ -^ — 

aa + * 
Therefore in i^.aif =42 — m » « ^^. 

4^ 4^ 

In the 5^ 

#/ " 7U 

03«E.&V/A'.T ION III. 

•ioj. TRwje often occms a great Difficulty in 
♦<he SolutioB of Pfoblems with refpeS to the 
£srmiog Equations from the given Conditions. 

Wo 
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SfJ^ tovf indeed ^t^mk'd Above (iZ^) that 
cmry CofHlitton of t Pr^Iem gives an Equation ^ 
but ofcimes the Equalities or Relations which 
Wgbttofonn tbofe Equations, are not <lire£ily 
tm^ndSkd^ although they . are coptain'd in the 
Coodttioiad. 

In this ca& ^^ moSt cictmine whether there atp 
not fome Quantities confider'd in the Problem, 
either known or unknown, which are not ex- 
preffed in it : if there are fuch, they muft be 
defign'd by Letters, and by. the help of thefe 
Equations muft be formM,exprefling the Relation 
of the unknown Quantities either aniongft them- 
felves, or with thofe that are known. 

204. If fuch are not' given, or do not fuffice, 
we muft examine whether the known or tin- 
known Quantities mentioned in die Problems 
iiti?e not Parts, the Rdation of wbicfa either a- 
tfoongft themfelvcs, or with other Qiiantities, 
may be difcoverM from the G>nditions of the 
Problem. If there are fuch Parts, whether 
known or unknown, they are to be expreffed by 
Letters ; and from their Relations, Equations 
muft be form'd. 

Pr OBLEJA XIII. 

205. ^ cubic Foot of Sea-fak IVaUt weighs a ; 
a cubic Foot ef Rain Water c ; there is fome other 
fait Water ^ a cubic Foot of which weighs b, an inter- 
mediate betwixt a and c. Qu. What Weight of 
Jiam Water muft be added to a cubic Fmt ^' Sea 
n^^^ that the NBxtwpe may he eqtiaByfak with that 
mentioned ? 

Let the 'Weight Ibught be x; it muft be re- 
membered, that the Bulk erf Sfea Water made 
ufe of in the Mrtture is a cubic Foot, becaufe 
the Bulk is to be taken notice of, when the 

; Weights 
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Weights are determin'd. I alfo peweive, that 
the Bulks of the fame Water are to one another 
as their Weights. ^. ' . 

That I may theretore more cafily arrive ac 
Equations, I call « the Bulk of Rain Water, 
whofe Weight is x ; I alfo call a cubic Foot/^ 
I have now relating to the Rain Water, 
/, « : : f , X 

And bccaufe a cubic Foot of the Waters mixt 
wdghs hy there is the fame Ratio betwixt the 
Bulk />, and the whole Bulk /> + » of the Mix- 
ture, that there is betwixt the Weight h and the 
whole Weight a-\-xoi the fame Mixture, 
p, /.+ «::*, a 4- * 

Whence there are two Equations form'd, by 
which the Problem may be folv'd. 

Thefe two Proportions may alfo be reduced to 
one, and the Problem to the Rule of Proportion, 
if we itmark that from the laft Proportion this 
may be deduced, (i3<5-) 

f^z> :: hya —'b-\-x 
Which compared with the firft, gives 

CyX '.'. bya — h Ar:fi 
By Alternation, Invierfion, and Divifion, we have 

PrOB LEM XIV. 

2otf. 'fhere are three Meadams eauaUy good a, b, 
c, in vihich the Grafs grows uniformly ; d oxen in 
the time e eat up the Grafs in a; f oxen in the time g 
eat uf the grafs in b. Qrt. How many Oxen vHU eat 
vp the Grafs in e, in t/je.timeh ? 

Let the Number of Oxen fought be x. 

Let 
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The Conditions pf the Problem do not exprefs 
the Relations, from' whence Equations can be 
formed. But bec^ufe regard is to be had to the 
Grafs which is in thc''Mea4ows, when the Oxen 
enter, and to the Grafs that grows afterwards^ 
I diftinguifli the Oxen in each Meadow into two 
Parts. 

I put ^=> + 2:' > the Oxen that feed on the 
£rft Grafs ^^ y^ and thofe that feed on the 
Grafs that grows afterwards %. In the fame 
manner I put/= / + «5 and x = x + '^^ 

By how much the Meadow is greater, fo 
much the Number of Oxen (cateris paribus) is 
greater ; but by how much greater the time, by 
fo much a leflcr Number of Oxen are re- 
quired to eat up the fame Grafs. Therefore 
theConfideration of the locreaie of the Grafs 
being fet afide, the Oxen are to one another di-* 
re£tiy as the Meadows, and inverfely as the 
Times : that is, y^ r, s are amongfl themfelves 
direftly as a, ^, c, dnd inverfely as ^ , y, A. 

The Oxen that feed on the Grafs that grows 
after they enter, are to one another as the Mea- 
dows, for the Time is not to be confider'd ; that 
is, 2., », r are to one another as a, ^, c. 

Thefe things laid down, the forming the £-> 
quations and the Solution is very eafy. 

d^y + x,, — , a 

& • 

a b ehy 

F a. 
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a c ecy 

^e'T''^'"^ ab 

a 

^here ate now given feven Eauations, with 
feven unknown Quantities ; and fubftituting in 
the fecond and third for f, j, «, r, their Values 
^hich are found in the laft four, thefc three 
Equations remain. 

ahx = f gr + hex, 

* ■ * 'I ' t II 

aif^^ebd'-^ ebz + gbx* z = H , 

he — ec 

Obsekvation IV. 

107. Sometimes it happens that the Condi- 
tions that determine the Problem, do indeed con- 
tain Equations ; but in fbme Equations there is 
no unknown Quantity to be found. In fuch a 
cafe thofe Equations are of no uie as to the ex- 
terminating the unknown Quantities, and canr 
not therefore immediately forward the Solution. 

On thefe Occafions, in the fir& place there 
muft be new Equations form'd firom the given 
ones, to which the above-mentioned Opera- 
tions (175, &c.) may fee applied. New Equa- 
tions 
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tions may alwavs be product from thofe given^ 
if (as is lupposd) chey contain a Decermination 
of the Problem. 

Problem XV. 

3o8. O/'Oarious Mixtures given ^ to corHpouud a 
new determined Mixture. \ 

Let there be given three Mixtures of Gold, 
Silver and Copper ; the Quantity of Gold in the 
iirfl Mixture a, in the fecond b, in the third c ; 
the Quantity of Silver in the firft J, in the fecond 
e, and in the third/; the Quantity of Copper in 
the firft & in the fecond A, in the third /. There 
is to be a compound Mixture in which the 
Quantity of Gold is /, the Silver w, and Copper 
» ; it is to be determined how much of each of 
the former Mixtures is to be taken. 

Let Gold be called A ; Silver B ; and Copper 
C ; the firft Mixture M ; the fecond N ; and 
third O ; the Quantity fought of the firft Mix- 
ture X ; of the fecond J' ,• and of the third Mixture *. 

And that the Equations may be the more fim* 
pie, I put 

a-{'d'\'g^=iO 

c+f+i=4 

The Conditions of the Problem are contained 
in the following EquationSi^ 

iiA + iiB4-«C==tfM 
*A+fB+AC==;>N 
rA+/B + iC=grO 
/A + i«B+»C±*xM + >N+JcO 

Only the laft Equation coixtains unknown 

QuAQtitiei, the others ther^efore cannot contri^ 

F a bute 
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butc to the Solution, unlefs new ones can be 
form'd from them. 

But this may be done by confidering that /A 
is the Quantity of Gold given in the whole Mix- 
ture, that is, in xM, inj'N, andz^O; now 
this Gold may be otherwife exprefled, if inftead 
of M, N, and O, in the fecond Member of the 
Equation are placed their Equivalents dedgn'd 
by A, B, C. 

I fubftitute therefore in the fourth Equation 
inftead of M, N, and O, their Values deduced 
from the three firft exprefs'd by A, B, C, and 
compare the Gold, Silver, and Copper in the 
firft Member with the fame Metal in the fecond, 
by which means I form three Equations for the 
three unknown Qiiantities. 

The three firft Equations give 

bk+eB + hC 

cA+/ b + /C_q 

? 

And the laft is changed into this 
From whence thefe three are deduc'd 

t q" dfq 

/ ^^0 f jV"^- ipq 

Thefe 
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Thefc three Values of the unknown Quantity 
X give two Equations, which will be more fim-" 
pie, if each is multiplied by /'j, and then divided 
by 

pql — ylfq — z»cp _ pqm — yeq — zfp 

a ~ d . 

a g 



dpql — apqm + ^^^ — ^-^^P 

dbq — acq 

gpql — apqn + t»aip — ^^^'^ 

^~ gbq — ahq 

If thefe Values are multiplied by j, and divi- 
ded by ^, we have 

dql — aqm + g>^— ^dc gql — aqn + ^^i — H^^ 
db — ae gb'^ah 

ahmq — tf(g» //+ dbnq — dhlq -Vgelq — gbmf 
^~ ahf'—aei'\-dbi—'dhc^gec-^gbf 

If in this Value of z> we write p for ^f, b for c, 
e for /, and * for i, we feali have the Value of j^. 
But if for q we put o ; for c, ^ ; for/i i; and 
for /, g y we difcover x. For if we attentively 
examine the Value of z,, we Ihall eafily perceive 
that *tis only the Quantities j, c, ^ i that di- 
ftinguifli the Value of «. from the Values of j^ 
y, ^, d, g, by and^, h, ^, aufupplying their pla- 
ces in thefc Values. 
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CHAP. X. 

Of the Nature and Solution of Eciuationi 
of two T^imenjions. 

PRoblems of two Dimcnfions have two Solu- 
tions (157) and the unknown Quantity 
two Vahics; therefore in the fingle Equation 
which contains the Solution of the Problem, the 
unknown Quantity cannot rather have one of the 
Values than the other, and muft confequently 
contain them both. 

2 op. Now that we may determine the Na- 
ture of Equations in which the fame Letter de- 
iigns two different Quantities, we muft inquire 
into the Formation ot fuch an Equation. 

2 10. Which that it majj be done, we muft con- 
(ider that all the Quantities of an Equation may 
be tranfpos'd to one Part of the Sign of Equality. 
This Equation xx4- 6 = yx, by the Tranfpofi- 
tion of 5 X is changed into this xx— jx + <J = o. 

2 1 1. If in this cafe inftead of x we put its Va- 
lue, the Quantities of the Equation will mutu- 
ally deftroy each other, becaufe they are equal 
to o. . 

We muft therefore fiiew how an Equation 
may be form'd, all whofe Terms, if placed 
on the fame fide of the Sign of Equality, mutu- 
ally deftroy each other by the Subftitution of ei- 
ther of the two Quantities, 

212. Let x^Uy and x=s*, that thefe two 
Values may be comprehended in one Equation, 
I p^t X— /!= o, and x— * = o 5 hence a new 
Equation is form'd by Multiplication. 
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X i=50 


XX 


'^tx + l^a 
'^ax 


XX' 


— ^x + ^^ = o 



— «x 

If for X in this Equation I put cither a or *, 
the Terms will mutually deftroy each other. 

That this may be demdnftrated, it muft be 
obferv'd, that it is the fame thing whether I put 
for X its Value in the Produft after the Multi- 
plication is ended, or in the Quantities to be 
multiplied before Multiplication : It is alfo ma-^ 
nifeft that the Product tormM by the Multiplica- 
tion of the fame Quantity affirmative and nega- 
tive deftroys itfelf, as any Quantity multiplied by 
+ a — fl, or + ^— * is deftroy'd, it being multi- 
plied by o. 

If in both Quantities now x-^tf, and x-^3^ 
we put a orb for x, and afterwards multiply, i — a 
hyb-^ty or a — *by a — a, in both cafes tha 
Quantities of the Produd deftroy each other, and 
confequently they do the fame in the Equation. 

213. The Value of the unknown Quantity is 
called the Root of the Equation, and it is evident 
that an Equation of two £Kmcn{ions has twa 
Roots. 

214. And Bfi a Negative Quantity may be d^ 
fign'd by a Letter, the Root is fometimes nega^ 
tive ; there are therefore four dij&rent Cafes. 

I. Both the Roots may be affirmative ; s. one 
affirmative and the other negative, the affirma- 
tive being greater than, the negative ; 3. the 
n^atiye greater than the affirmative ; 4. both, 
negative. 

That we may determine the Formsi of the E- 

quations in thefe four c^es^ I fuppofe a to be 

^ F 4 great* 
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greater than ^, anA^+^=^^ and^— i = c; 
Then I have thefe four Formula's. 



X=/l 

x=* 


x = — * 


X — tf=o 

X — * = o,... 

XX — /ix + ^^ = o 
~.*x 


X— <i=:o 
x + * = o 
XX— tfx — tf^ = 

+ *x 


XX — <^x+tf^ = o 
X=: — tf 
x = ^ 


XX-— ex — ak^^Q 


x4-/x =o 
x-— ^ = o 




XX + ^^ — tf^ = o 
— *x 


xx-\- ax-^al'^o 
+ bx 



XX +fx — /i^ = o XX -|r ^->f + ^^ == o 

215. We fee hence how from the Signs alone 
of any Equation we may determine whether both 
the Roots are affirmative or negative, or one 
affirmative and the other negative; and alfo 
how to diftinguifh the greater of thefe from the 
lefler. 

a 1 5. It is alfo evident in every Equation of two 
Dimenfions, in which the Square of the un« 
known Quantity isfeparatedfrom all the known, 
and which has a Quantity entirely known on 
one (ide of the Sign of Equality, and which is 
alfo ordered according' to the Dimenfions of the 
unknown Quantity ; I fay it is evident, that in 
fuch an Equation the unkiown Quantity in the 
fecond Term is multiplied by the Sum of the 
Roots, its Sign being changed, and that the laft 
Term is the Produ£t of the Roots, its Sign pre* 
ferv'd. 

The known (^antity that multiplies ?he fe- 
cond Term, i$ caUd the Coefficient of the fe*^ 
condTerm. Of 
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Of THE Solution of Equations of fwa 
Dimensions* 

The Rule for extrafting the Root of fuch a 
given Equation is this. 

217. Let the known Quantity be put alone on oHe 
Jide of the Sign of Equality^ and add on both fides 
the Square of half the Co^cient of the fecond Term, 
and then extraSi the fquare Root from both Members. 
The whole Artifice of this Rule is, that there 
is formM a Square in the Member where the un- 
known Quantity is, whofe Root may be exa£tiy 
extrafted. 

Example. 
xx-'^dx^ ab ^=zo 
XX — dx = — ab 
xx—dx+\dd^\dd--ab 

^Sid+y^ idd^ab 

CU--\^\dd—ab 

It i s clear, th at both thefe Roots are pofitive^ 
for s^dd — ab is always lefs than ^d. 

It is alfo evident that the Roots of the Equa- 
tion are always impoffible when ab exceeds 4^^; 
for then ^dd — ab is a negative Quantity, which 
cannot have a fquare Root (46.) 

Op Problems that produce Equations 
OP two Dimensions. 

We have remarked fomething above relating 
to thefe Problems (1^5.) 

219. It is beyond all doubt, that Problems 
which have two Solutions produce an Equation 
of two Dimenfions (205?, 212} 

22Q. 
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%%o. Wealfo light on fuch an Equation when 
the Problem has indeed but one only Solution 
chat We feek. But there is a certain negative 
Quantity that we are not at all concern'd withj 
which alfo fatisfies the Conditions of the Pro- 
blem : for Algebra does not lead us more readi- 
ly to a pofitive than to a negative Solution ; and 
therefore we difcover both. But in this cafe we 
negleft the negadve Root. 

221. If the Problem has only two negatfve So^ 
lutions, neither of which we leek, wfe come to 
an Equation of two Dimeniions, notwithftanding 
there is no Quantity that anfwers our purpofe. 

222. We may alfo come to a like Equation in 
a Problem altogether impof&ble. We have al- 
ready ihown, that an impoflible Quantity may 
be Algebraically expreffed (2 1 8). Iffuch Quan- 
tities Algcbrs^ically expreffed anfwer the Condi- 
tions of the Problem, we arrive at an Equation 
whofe Roots are impoflible. 

223. There is a particular Cafe worthy to be 
remarked : this is, when a Problem has only one 
pofitive Solution ; but in folving it, we have an 
Equation that has two pofitive Roots. 

This happens when the Problem, befides its 
pofitive Solution, has alfo a negative one, but 
the Quantity that belongs to the negative Solu- 
tion is not itfelf negative. 

224. ^^iP' Tins Problem has only a pofitive 
Solution : There is fought a continual Proportion, 
whofe fir ft Term is 4, and the Difference of the fir ft 
andfecondy 3. The pofitive Solution is -fr 4, d, 9 ; 
but there is alfo given this other negative one> 
•^4, —2, I, which we do not feck, but tp 
which neverthelels Algebra brings us. 

22 J. If we call the fecondXerm^, and the 
third xs it is clear^ that when j^ is fought^ thefe 

two 
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twoValncs arc found, 6 and —2, but t|»e ne« 
eativc is rejeaed. But if we fcek x, we haw 
the Values 9 and 1 ; where the laft is to be re- 
jeaed, becaufe it belongs to a Proportion m 
which there is a negative Term, which therclore 
we did not feek. _ ^ . , « 

»2<J. Ifthefirft lerm of the contimal Prof wum 
is 4. the Sum ofthefecoad and third Term is 3, and 
thTthird term is fought. We difcover the feme 
pofitive Quantities 9 and i, but here 9 is to be 
rejeaed, becaufe it belongs to a Proportion 
which has a negative Term ; for the Proportions 
are -h- 4, a, i, and -^ 4, — <5» 9- 

aax In the Solution of both thefe Problems, 
if the third Term is called x, and is fought, we 
have this Equation xx--iox+9==oj fothat 
one Problem cannot be refolvd without rcfolving 
the other at the iame time: yet both Sdutwns, 
to fpeak mathematicaUy, belong to both Pro- 
blems, at leaft to the Problems algebraicaUy ex- 

228. In the Solution of this Equation xx— ' 
lox + 9 = o» we may diftinguifti the Root to be 
retain d from that to be rejeaed, if we ctmlider 
the Operations by which we arrived at the E- 
quation. To folve this Equation, it muft be 
chang'd into the following, 

XX — lox-f- *5 = i<J ('*?) 
And the fquare Roots extraded, we have 
X — 5=4 

429. The firft of thefe Equations is to be re- 
tain d, if in the preceding Operations the Square 
was form'd of x as an affirmative Quantity, as 
is done when the Problem of ». aa4. is folvU 
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230. But the fccond is to be retainM, if, as 
in the Solution of Problem n. 224. the Square 
was form'd of the Quantity from which x was 
fubtrafted : for in this laft Cafe xx in the Equa- 
tion is not the Square of + x, but of the Root 
-^x ; and the Root + x belongs to a Cafe about 
which we arc not follicitous, although confider- 
ing the thing abftradtly, it belongs to the Solu- 
tion of the Problem. 

231. But when the Operations do not deter- 
mine whether the Square of the unknown Quan- 
tity has an affirmative or ncjgative Root, both 
the Roots of the Equation 01^ two Dimenfions 
give the Solution of the Problem, which has then 
two pofitive Solutions. 

2? 2. Ihavefaid above (166) that fbmetimes 
a Problem of four Dimenfions may be reduced 
to two, becaufe it is refolv'd as a Problem of 
two. 

233. This Cafe always happens if the lame 
two .Quantities affirmative and negative anfwer 
the Problem. Ex.gr. if + ^j '"^, +*, — ^, 
fatisfy the Conditions proposed, the Problem has* 
four Solutions. The Equation it is folv*d by^ 
arifes to four Dimenfions, but is folvM by the 
Rules delivered for Equations of two Dimen- 
fions, by feeking not the Value of the unknown 
Quantity itfelf, but of its Square. 

For it is manifeft in this Example, that if the 
Quantity fought is called x, x == + ^, and x = 
■^ ^, is expreffed by this Equation xx = aa ; 
and in the. fame manner x =^ and x = ~ ^ by 
XX == M. ' . 
Thefe Equations being multiplied, 

XX — /2/z ?= 6 
XX — it = o 

, The Equation x^ — aaxx'{'aabb^Q will cont^n 
four Values, — ^^xx pf 
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o£x (2 1 3), which (the Equation being given) 
are difcover'd bv the Rules delivered above (217} 
by feeking in the firft place the two Values of 
the Square xx/ and then extra^ing the Roots 
of them. ^ ' 

234. But v/e fometimes light on fuch an Equa- 
tion, although the Problem has but one affirma- 
tive and an equal negative Solution. Then the 
Square of the unknown Quantity has indeed 
two Values \ but one of them is negative, And 
tpberejefted (218.) , 

Algebra neceflarily gives all the Algebraic So- 
lutions; but as impoffible Quantities may be al- 
gebraically exprefled, if thefe anfwer the Condi- 
tions of the Problem, fuch Solutions will be- ne- 
ccffarily contained in the Equation expreiHng the 
Values of the unknown Quantity. 

235. There is alfo a Cafe analogous to that 
above mentioned in », 223. for in a Problem that 
has only one affirmative, and an equal negative 
Solution, the unknown Quantity has fometimes 
four true Values, but two of thefe belong to im- 
poffible Cafes, although the Values themfelves 
are not impoffible. ' 

Example. 

13 d. Let t;herc be fought x,. j', x,, fuppofing 
thefe following Proportions : 

Ij- Jt— /, 20, z.+y - 

^ 34— v.^"-^> 3^+^y 

This Problem has only one affrmative Solu- 
tion, that is, x=t: 9, > 5=: 15, a^ ay ; which 
Numbers, if negative, give alfo * the above- 
mention'd Proportions ; t^gt is, x 5=; — p, ;? = 

-^X5, 
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— ly , «, = — 2 5, and the Problem has no other 
Solution. But if I feek x*^ I have this Equation 

xj^..^ CSpzA + 40000 = o 
Which gives thcfe four Values of jc 

t.==: — 8 

The two laft Values belong to impoffibl* So- 
lutioQS^ in which 

Or x==42, j'ss — 'v/— 33^, a:'^— 8 
i?7. But this Value of z, = 25 is to be diftinr 

guilhed from thofe that muft be reje&ed by th«^ 

£)llowing Method. 
In the Solution of the Eqtiation (217) 

«,*— 6S$zz. + 40000 = a 

I difcover 

334t~«'3 

I here chufe the Value in the firfi Equation, 
rejefiing the other, according to the Rule taid 
down above, (229, 230) becaufe in the Opera- 
tions bv which I came at a (ingle Equation, 
I form d a Square of awe — 20, and z»^ ^as 
produced by multiplying -{-za by it felf, noe 
^•^z^ I have now «x = 62 5, whence I find 
2. = 25, and z,=c — 25 ; which Jaft I rejeft, 
becaufe it is negative. 

238. Oftimes Problems that have but one or 
two Solutions, cannot be refo^r'4 but by Equa- 
tions of three or four DimanGons, and fbme- 
times of more. But in thefe Cafes, £tri£Uy 
fpeaking, the Problems have as many Solutions 
as the Number of Dimenfions, thoTome of 
them arc rejcdted CHAP. 
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CHAP. XL 
Problems of Two T>imenJions. 

I Will here only add a. few Problems. If thofe 
things explained in the precedent Chapter are 
added to what has been delivered before about 
Problems in general, the Solution of Problems of 
two Dimenfions will not be difficult. 

Problem XVI. 

ijp. A andB together ffvoe 208 ; A fays each 
day^y and Bpays the fir ft day i, the fecond day 2, 
the third g, &c. Qu. How many days will the nabole 
Debt be paid in^ and how much does each fay f 

Let A's Debt be x, B'sy, and the Number of 
Days Jt. 

X + > == 208 

y is equivalent to the Sum of an Arithmetic Pro- 
greffion, whofe firft Term is i, laft &, and Num^ 
ber of Terms x. ; which Sum is equal to i + * 
X f J6 (126), therrfore f «» + T^^^' =y* 

Which three Equations, by adding the two 
laft together, and then comparing it with the 
firft^ are reduced to this : 

x + y=^ i«' + 9tz, == 208 
x2:,+ ipz* = 416 
XA+ 19^ + 90-7+ yo5 V 

x=ii7 
;.' ' y ^=^ 91 PiL(^ 
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PltdBtEM XVII. '^ 

240. A Perfon buys a Horfe^ vyhich he feUs a^U 
fir a, and gains as much per Cent, as the Horfe 
€ofi him. Qu. If^at did the Horfe cofi him ? 
Let the Price of the Horfe be x, * 

100, 100 Ht*^.:'! 0^, a 

Problem rX Vlft. * * 

141. There are two Numbers fought^ whofe Pra^ 
duB is 1 2, arid the Difference cf their Squares 7. 
Let the Numbers be x iand y. i 

12 144 '"^ 

144 

x^ — 144 == 7XX 
This Equation is folv'd as an^Equatiqn pf twj) 
DimenfionsC2i7)s if w?. feek thp V^loe oj^'thc 
Square of xx, 

x'* — 7xx = i44 

x^ — 7XX 4- I2t =^ I5^T 






{ 

^ == 4, J' = 3 / 

I neglefl: the fecond Value xx = — - ^, be-4 
caufe it is impoffiblc (218). 

I neceflarily difcover the Value of the Square 
XX in the Solution, becaufe not only ^=4, J'=3, 
but alfo x=' — 4, >' = —• 3, folve the Problem. 

I alfo difcovef two other Values of the Square 
XX, becaufe the Problem has * befides two im- 
poffible Solutions, which .may be algebraically 



ex- 
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fexpreflfed : .Thcfe are x= >/— ^5^, 7= — / — itf. 

Problem XIX. 
242. T^hm is a Number fought^ to which ifthent 
is added the fquare Root of itfelfmultipiied by lo, the 
Sum fkhUbe lo. 

Let the Nuthbei' be x 
J x4-V^xox = 2Gi 

/ i6x = 2o — X 

I ox == 400 — 4OX -f- 5CX 

*" * ' XX — jox = — 406 

XX— 5ox-f-625 =2l3( 

XX = 40 
x=io 

tt is evident, that it is not the firft Valu^ that 
is fought, becaufe it exceeds 20, I therefore take 
the fecond. 

But to fpeak mathematically, 46 anfwers the 
Queftion ; for this multiplied by ro, produces 
400, the fqiiare Root of which -^26, added 
to 40, the Sum 40 ■— id, is equal to- 26. 

Itmuft be obferv'd, that 25 — x = ijf, not 
X — 2j =15^ gives the Root that we feek, be- 
caufe the Square was form'd of 26— ^x, (236.), 

OsSfe kVATION V. 

243. We have remarked above (19^) that 
much laboitr rtiay fometimes be avoided in a So- 
lutionj by feeking not the Quantities themfelves 
that we want, but others from whence they may 
be found ; arid have explained the Rule which 
in many fuch pafes we inay make ufe of (199). 
To this we may now add, that the Operations 
thftmfelves fottietimes point out th? Quantities 

G < that 
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that may more caflly be difrorcrM t&an thofc 
propofed, and from whence thofe ibught may be 
deduced.: which will be more apparent from an 
Exairiple. 

Problem XX. 

244, Given the Sunt, and the Sum of the Squares 
tf four Numbers in Geometric Progrejftony to find 
thofe Numbers. 

Let the Sum of the Numbers be Uy and the 
Sum of their Squares b. 

Let the Numbers be caUcd-fr u^ x^y^ z. 

The Equations are 

« + *+)'+ ^'^^ 
uu 4- XX 4" jy -^ ^'^- =^ 

XX 

XX =uy w = — 

'' y 

'*'■■_• jy 

The four Equations are reduced to thefe two, 

,■ . ■ y: ^- • ^- '^ 

^ ^xx + yy+ — ==^b 

"yy * 

And the Fra^ions being taken away, we 
have 

X ^ 4" * * > + yyx 4" i * == axy 
x!^+ :^^y^ + y^x* -}- y"^ =^ bxxyy 
In which x and j are afie&ed in the &me man*- 
ncr; wherefore I rather feek the Sun\4nd Uif* 
(erence of thefe Quantities : but as I perceive 
hy b^inning the Computation, that it will be 
very operofe J before I proceed any farther, I re- 
turn to the Equations in which x and y are af- 
filed in the fame manner, and confided if it is 

poffible 
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poffible to know from them what Quttntities may 
be more eafily difcover'd; wbicji will, when 
known, give x and y, 
. 'X'ttef^^^^a&ppfC^&iimtion^nay b«tl;^ 

prefled. ^_____ ^ 

xx-\-yy xx-^j = «xy 

; Which are.<4ianged intp ch^fe f 
. axy 

x+y- 

The laft, by fubftitating for xx +• yy, its Va^ 

lue is chang'd intp c)»s j ^ ^ 

4L , ^yyxx+j 
.*+^-^ T^ , . 

That I may have a fimpler Equation, I form 
the Squares of ea«h Men*cr of thp firft ; 

aaxxyy 

Then I have — -,-. 

Which Equation I fee would be more fimpte. 
If I put one unknown Qaanmy fi^ ^. indaw)- 
ther^fbr x +^ 5 that is, ifi iWc the Sum and 
Produft of the unknowa Quantifies J w™ch bc- 
"g ^ven, the unknown Quantities themfehres 
are eafilv found («oo.) ^ _, 

J mSt npw fee if I can find another Equation 
whicli TASa becomes more fimple by the lame 
SubfKtutioni for two Equations are required to 
determine the two ugnown Quantiw?. 
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There is given this Equation, 

x + y 
ixy added on both fides, changes it to this^ 
— 7— » axy 

\ x-ry 
Let us now put xy =: s, and x + jp =±: t, and 
Subftitution being made, there are given thefe 
two Equations. 

as ^ 

tt=:^ his. 

t 

aass bst 

2W = — 

it a 

Which are changed into thefe, 
t^==as -\- ist 



b 
d^s — %atts 



Whence /u -f- 2 jf = , 

ba^ 2bt^=a^ ' — tan 

a 

Which Equation being folv^d, gives ^ und 

thence. J ; for j = '• . > 
• a + 2t 

, y and y aire alfo difcoverM, 

CH A^P. 
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CHAP. XIL 
Of Indetermined Trobhms. 

WE have already renjark'd that indetcrmin'd 
Problems may be folv'd like determined 
ones Ci^l-) 

But there arc fome indctermin'd Problems in 
vrhich notwithftanding there are more unknown 
Quantities than Equations, yet none of them can 
be affumM at Pleafure. 

Such are all Problems in which Quantities arc 
to be equal to Squares or Cubes. 

In thefe, other Quantities are to be aflfumM at 
Pleafure, and from thofe the indetermin'd ones of 
the Problem are to be determined. 

When a Quantity whofe Conditions are deter- 
mined, ought to be equal to a Square or Cube, the 
whole Artifice is that the Quantity which is to be 
equal to a Square may be algebraically exprefled, 
and put equal to a Square in fuch a manner that 
the Equation with Refpeft to the unknown Quan- 
tity may be reducM to one Dimenfion. 

As long as we are only concerned with Pro- 
blems of one and two Dimenfions, the following 
Rules are fufficient in thofe Cafes, where the 
Problems may be univerfally folvM : When we 
cannot come at the Solution by thefe Rules, the 
Problem is only poffible in fome particular Cafe 
depending on the Property of the Numbers cx- 
pretfed in the Problem. Of thefe I fh^U not 
treat, becaufe I do not confider the lingular Pro- 
perties of particular Numbers. 

Gi RuiB 
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Rule I. 

145. WkiH the QuoMty td h dit^min'i is tf 
cne Dimenjhn^ the Root of the Square may be ajfuntd 
at Pleafure. 

Examples. 

ax ought tA bt equal to di SejjUftf 6, At\A x is the 
Quantity to be determine, taking v any Num- 
bier tc Pleafure and putting aft » vv, :x may 
bo determine. 

In the fame manner x may be dttermin'd ia 
thefe Equations. 

Rule 11. \ 
145. Wheti the Quantity to be determind has tw$ 
Dimenfions, but the Square is i^rmative and only 
fnuUifUed by Uaity^ the Rm (fthe Square is the Di^ 
ference betwixt the Number taken at Pleafure^ and 
the Quantity to be determind. 

EXAM1>L£^. 

Let a+xx.bt a Quantity which ought to be 
equal to a Square, and x the Quantity to be de- 
termined, V a Number taken at Pleafure, the Root 
of the Square is u — x. We have hence this 
Equation. 

^ *{- XX = t;v— 2«^«r + xx 
a=3iw^ ivx. 

In which x may be determined 

In the fame manner ^ may be decermin'd^ if 
trehave 

/I— *^ + **«*= «^-*- ax^ + XX 

- RtTLa 
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RutE III. 

247. When the Square oftha Quantity to k A-/ 
fermind iffuhflroBed in the Quantity fropOiU^w when 
it is multiplied by another Quantity, the Prokem^an" 
not he folv'd tintverfaliy. Bat only in th^e cafes^ 
'When the Quantity that ought to he eqaal to the Sjuare^ 
^^fift^ <f ^ Square and 4>ther Qmntities^ in which 
tie Quantity to he determined is found ; then the Root 
of the Square fought, is the Difference of the ProduSl 
<f the Quantity to be determined by a PtunU^er taken 
at Ple^e, and if the Root of the Square that is 
given in the Quantity proposed, 

Examples. 
aa — XX ought to be equal to a Square, x is 
tlie Qiiantity to be determmM ^ vis taken at 
pleafure, aad the Root of the Square fought; 
isvx — a. 

aa — xx^=^wxx — zvxa-^aa 

\^s=sz^vx — 2va* 
In which Equation x may be dei^jmin% 
In the fame manner in this Equation 
aa'\'dx-\' exx =wxx — lavx + aa 
d -j- ex = wx — 2av. 

248. It is to be obferv*d,_ that may be ac- 
counted a Squaw ^ the RsiJfi therefore may be 
applied to this Qitairtity ijc-^^xx^ and the Root 
01 the Square fought ftaU be nw. 

249. It is to be further obfervM, that thofe 
Quantities may be referred to this Rule, where 
the Square of the Quantity to be determined is 
fubftrafted from various Squares joind toge* 
iher;Asiii this Quantity ^^ + W — xx, where 
X is the Quantity to be determined. 

G 4 ^«t 
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Putx=z, — ^, therefore xx=2L2:. — axi-fW, 
and the Quantity propofed is changed into this, 
aa + 2%.b — ^ z^ ; which belongs to the third 
Rule : and the Value of x. being difcovcr'd, if b 
is fubfiradled from it, we (hall have x. 

250. The above-mentioned Rule may alfo be 
applied to Quantities that contain Fradiions. 

Let there be fuch a Quantity aa H - 

, , . , J . aacc 4f hex -r^ dcx* /' ^ \ 
let this be reduced to ' (7^-^7y 

cc 
which may be made equal to a Square, if the 
fame Numerator is a Square. 

2 J I. When various Quantities ought to be 
equal to a Square, let one be taken firft, and 
made equal to a Square j and then making ufe 
of the Value of this Quantity fo determined, |et 
it be exterminated out of the other Quantities : 
And here thofe Rules will be of ufe, that have 
been already laid down, relating to other Pro- 
blems, as will be manifeft in the Solutions of the 
following Chapter. 




CHAR 
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CHAP. XIII. 
Indetermirid Problems. 

^^iT'T^O find two Squares whofe Difference is 
X gi^ven. 
Let the given Difference be a, and the Squares 
fought XX and jy. 

/J + jty 5== XX 
That \Sy a'\-jy ought to be equal to a Square ; 
taking v at pleafure, we have, by Rule z. (246,) 

x=iv — y 
(t'\'yy—yy — %'^'¥'^ 

2vy ='W — a 
x=: 

2V 

Problem XXII. 

!J53. To divide a gi^en Square into two other 

Squares. , , ., 

Let the given Square be aa, the Squares 

fought XX, yy. 

aa — xx-^-yy 
aa-^yy^xx 

Therefore aa-^yj is to be equal to a Square : 
Now taking v at pleafure, v/e have, by Rule 3. 

(247O 



X=s 
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X = iy = tf 

aa — yy = wyy — 2ayy + 00 
— y=^wy — zav 

nvv — a 

/' X — -r— 

'VV -f- 1 

Problem XXIII. 
2$ 4* To divide the Sum of tw9 given Squares int^ 
two other Squares. 

Let the given Squares be aa, bb, and the 
Squares fought xx, yy. 

aa^bb^^xx-^ yy 
aa-^ bb^-^yy^: XX ' 
Therefore aa + bb — yy ought to be equal to a 
Square ; which Cafe, that it may be referred to 
Rule 3. we have demonftrftted (249.) I fup- 
pofe ^ 

Therefore, / 

aa-j- iz^—'zz, »= XX 
By Rule (247.) if v is taken at pleafure, 

uA 4- a^ -^ 8^ =» Wftz'^ 2avz»-^ aa 

2b — z, = vvz* •— 2av 

ibA-'ta^ 
_ — = 2:, 

vv-f- ^ 
b4^ 'in'9'^*inm 

. x = ^ 

Pro- 
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Problem XXIV. 

ijj. 7a find a Number that 6eing fulfiraEied 
from two given Number f^ tht Remainder ofeachfiaH 
be a Square. 

Let the given Numbers be a^ b^ the Number 
fought *, and the Squares remaining>^, za. 

b — a+yy=M. 

Therefore b — a-^-yy ought to be equal to a 
Square ; and any Number v being taken at 
pleafure, byRule 2. (145.) 

b — a^^w-^ivy 
y — ^v + 



2V 



a^b" 

y = T/J + T* — t"^ — .-^==; 

Problem XXV, 

\%6. 'to find VM Numbers^ either elf which being 
added to the Square of the other, the StmJbaB be a 
Square. ^ 

Let the Numbers iought be ^ afid;', and the 
Squares mentioned uu and «• 
xx-^-y^uu 

In the firft Equation xx +7 muft be. made 
equal to a Square, and then the Value of the 
Quantity x muft be iubftituted in the fecond- 
Equation for x. 

If r is taken at pleafure. 
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u =t—'x 

it 



X?=' 



It 

^yy + v^ —^ty = 4fftu. (250.) 

Let there be taken j at pleafure, and by Rule 
3- (247-) 

^y + ^t'-^ 2ty^J^ttyy'^^sy + sf 
20 -^ 2ty ^=^sy 4- f J 



4t^s — ss 



4tx— 2/ 
8tts — ^t 
Problem XXVL 



25 7. To find three Numbers fuch, that their Sum 
fhaU be a Square^ and alfo any two of them added 
together^ fhatt make a Square. 

Let the Numbers fought be x, j^, j6, and the 
Squares mentioned in the Problem rxy ss, tt^ w, 

x-^-y^^rr yz=szrr'-^x (245.) 
y + z.=tt 

X+y-^2,^=:W 

x^z^zs^ss x^=zss — «, (245;.) 

rr^--' x^x,r=ztt 
rr -^z^-zsiw 

rr — ss'\- z2^^=:n 

rr-f «,=«z;v i^=?w— rr. (245.) 
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1 chufe the fecond of thefe Equations, becaufe 
it is more fimple, and the firft is changed into 

this : 

'iw "^ rr '^ ss ^==^ ft. 

Now 2VV — rr^-^ss ought to be equal to a 
Square, which may be referred to the fecond 
Rule, if by what is explained at ». 249. we take 
away vy by putting 
r = j — V 
2vy -^rr — w = vy — jj-f"*?'*'"^^^ =». 
" Now as V is an indetermin d Number, ^king 
jatpleafure, I feekv; which Operation be- 
longs to Rule 2. (246.) Affuming therefore/), 

iru — Jf + ij'y — ^^^^PP — ^P^ '^ '^ 
PP+^^+ " 

n-f^p 

p q,s being determined at pfeafure, there is 
given V, and thence r; for r^^-^-v: there- 
fore x,y, z., are difcoverd ,• for we have 
X = vv — rr 
x = w — * 

or 

Problem XXVII. 
158. ro j^iiiriSire^ Squares in continued Arith- 

Let XX be the firft Square, j the Difference of 
the neighbouring Terms in the Progreffion : 

XX • - 

- '. ' xx + jr 
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4rc the thrc^ Squares.; that is, the two laft arc. 
to be equal to Squares : Let thefe be «», tjl. 

^W—' XX ::^ :fc2. 
' This Eawation may be referred to the third 
Rule (249) if we puc 

X=:t — U 

2Uu^-^ocx^uu^^tt'h%tuz=^za.^ 

In fecking t from this Eqw^tion, we may ^- 
ply the third Role j bw becwfe l^ i$ alfo inde-^, 
termind, I refer the Quawity to Rwk %. U^^O 
and put 

51 -4- ^^ ■ 

If now / and / «re tnken gt plcafure^ « will be 
given ; and tkerdfore x, fox x 5=: r — n, which; 
being given, the Roots of the three Squares are 
known, that is x, «, ^ — », or 

2St'\-tt — SS ss + ft. . zst^ss^tt 
2S+2t ' 2S+2t' 2S + 2t 

The common Denominator may ki this caCi 
l>e neglefted. 

In this Solution I have demonfeat«d that this 
Problem may be.jeWvM without any particular 
Arti&e.by the Rules laid downbefcre; but the 
Operation may be dimiiHfliwi, f£im9g ?htfe 
(^aantitie$ which are in Arrthmetb.ftl«gw|iMW t 
n-^utf — 2« 

tt-^-uu + 2iU 
The firft and laft are Squares, of which the 
Roots are t-^u and t + u j tjbev is only the 

middle 
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niiddie Quantity then to ht made e<itiat toa 
Square, which belongs to Rule a. (146) There* 
fore 

tt '\- UU:=:: S5 — 2SU -^ UU 
ss — tt 

Taking s and t at pleafure, u is given, and the 
three Roots are known, t — u, s-^u, t -{-v. 
2st+u — ss y/+ tt ist-^-ss — tt 

2S ^ 2S ' 2S 



CHAP. XIV. 

Of Geometric Problems y and their* 
ConftruSfion. 

259.TN the Solution of Geometric Problems, 
X the Figure is firft to be drawn, in which 
the Problem is fuppofed to be folv*d. In this 
Scheme, Lines are to be drawn, by which there 
may be form'd as much as poffible either fimilar 
Triangles orReftangles, or other Figures whofe 
Properties we kijow. 

25o. Lines muft be defign'd by Letters, and 
^the known diftinguiflied from the unknown (13.) 
Their Relations are to be exprefled from the 
inown Properties of Figures, and from thefe. 
Equations are to be form'd afterwards : and 
then the Operations are the fame as in othv 
Problems. 

261. The Solutions of Geoipetrfc Problems 
^re either Arithmetical at Geometrical. 
' 2<J2. The Solutions are Arithmetic when the 
Relation of known Lines are exprefled by Num- 
bers, 
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bers, and the Solution gives the Value of the 
-Unknown, alfo exprefled by Numbers ; the Com- 
putation in this cafe does not differ from what 
We have feen above. 

itfj. But in Geometric Solutions, the known 
Lines are only given, as drawn in a Plane, and 
the unknown are to be drawn and determined in 
the fame Plain 5 atid this Determination is called 
the Conftruftion of a Problem. 

264. Lines, like other Quantities, are affir- 
mative and negative. 

Let AB be a Line whofe beginning is A, that 
is, which muft be increased or dimlftiflied in the 
Tab. 1. Extremity B. Let BC greater than AB be /ub- 
fig. 2. trafted, AC will be the Excefs \ but in fub- 
trafting a greater Quantity from a leflfer, the 
Excefs is .negative ; therefore AC is a negative 
Line : and in the indefinite Line DE, the Point 
A feparates the affirmative Lipes that fall to-= 
wards D, from the negative ones that are taken 
towards E. 

2tf J. By a like Method we demonftrate that a 
Line may be taken for the Original or Limit, 
and all that are drawn to one part of it will be 
affirmative, and the others negative. 
Tab.L IfABis this original Line which divides the 
fig- 5. affirmative Superficies towards D from ^t ne- 
gative one towards E ; the Parts CG, CI, CL, 
NO, QR, of the Lines FCG, HCI, KCL, 
MNO, PQR are affirmative ; but CF,CH,CK, 
>^M, QP, are negative. 

2(56. The Conftruftion o£ a Problem is th^ 
Conftruftion of the fingle Equation that folves 
the Problem. 

But that thefe Equations may be conftrufled^ 
fome d the Ampler Problems in £uclij^s Elements 
are to be made ufq of^ fucb as thefe* 

In 
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In th£ Fikst Book.. 
le-j. Prop. 9' To cut a given ReBilinear AngU 
into two equal Parts. 
' 26S. Prop. II- To draw a Perpendicular to a 
given Line from a given Point in it. 

269. Prop. 12. To do the fame, if the given 
Point is out of the Une. rr , , , , 

270. Prop. 23. To make a rectilineal Angle equal 
to a given reElilineal Angle. 

271. Prop. 31. To draw a Parallel to a given 
Line through a Point given. 

272. Prop. 46. To make a Square upon a given 
Side. 

In the Third Book. 

273. Prop. I. To find the Onter of a given Circle. 
■ 274. Prop. 17. From a. given Point to draw a. 
itangem to agtven Circle. 

In the Sixth Book. 

%'^%. Prop. 10. To cut a given Line in the fame 
Proportion that another is- cut in. 

275. ^y this Propofition a Line may be divided 
into any Number of equal Parts, by taking the 
fame Number of equal Parts at pleafure on ano- 
ther Line. ^ . ^ . , . - 

277. Prop. II. Given two Lines, to find a thtrd 

proportional , " . r j r i 

278. Prop. 12. Given three Ltnes, to find a fourth 

proportional. , . - r j 

279. Prop. 13. Tvjo Lines being given, fofind a 

nudn proportional. 

Tolthefe Problems the foUowmg ones are to 

be added. , /* « » 

280. Probl. ro find the Sidt.^ a Square that 

jhaU it equal to two giwn Squares. • 
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The Sides of the two Sqbares given are to be 
JQin'd, at right Angles C258), that there may be 
formed a right-angled Triangle, whofe Hypo- 
thenufe is f he Side fought. See Prof.^T. Ub.i. £/. 

Tab. I. The Square of the Line AB is equal to the 

*S- ^ Sum of the Squares AC and BC 

281. Probl. Tq find the Side of a Square that 
JhaB be eqifal to the Difference of two given Squares. 

Tab. I. Let the given Sides be AB and DE, the Side 

"fr 5- of the greater , Sqijare is to be cut in hfilf in C 
(276) that a Semicircle inay, Be deicribed ypon 
i( as a DiaQi^ter. From fi there is to be ap- 
plied in the Semicircle the Chord BF equal to 
DE, then will ,lpA,be t^e Line . fought. See 
^rop./}i. lib. I. and alfo Pro^! 47. tib.i. EJUm. 

By the help of the Problems abov^mention'd 
we may very eaffly conftruft £()uations of one 
Dimenlion, and alfo of two, after they are folv'd^ 

B^ut .as the .Solution of Equations of two Di% 
menfions rs not neceffary to their Conftruftidn, I 
will here ^ow how each Form is conftrud^ed. 
28a. Lee there be given this Equation; 
XX + ^^ — W =p= o : 

or 
XX — ax^-^bb 5=0, 

Tab. L , Lejt AB = ^ ; let there be erefled in A a Peri- 
fig*^, ^endieular AC = i^, with tlie Center G ,and 
Radius CA .defcTibe a Circle : then if CB is 
cirawn, BE and Bt) will be the Rx>ots fought, 
one of which is negative ^215), In the firft 
Cafe the Negative is BE, in the fecond BD. . 

DbMO NSTHA TION. 

We fay in the firft Cafe BE = — x, ^heiefore 
BC^=5;-rX'~7/?, whofe SijUarc is ?qual to the 

Squares 



Squares of CA and AB ; that is,-iflfl + hb : thcre- 
f<j4 .«« +^ + -i 4* ^ ^ M,-^ kki, whwice «^.-b. 

In the fame Cafe we fay BD=^x, therefore 
CB =a X 4" ffl ; andagaiB xx -f ? ax + i«a = ♦«<« 
+ W, that is, XX -!" a.x-^hb « o. 

If we put BD=--x, andEB=»x» we (haU 
by a like Reafoning in each Cafe arrive at this 
Form XX — »» -*- ^^ »• 
p^^, U% %W% be npysr giveq 
XX -[- <wf 4" ^^ ~ o 
or. 

Let ABs=»*, aad A6 perpendicular and »;7«,J*"' J* 
with the Center C and Radius CAdfftribe a "&?• 
Circle : If BE is erg^^ perpen4i<34^? to BA, 
cutting the Circle in Jl and p, then will BD and 
BE be the Roots f<«ighi!> yhich in the firft of 
thefe Forms are both aeg^tive, and in the fe- 
eond both aflSrmative (ii5)« 

Demqjjst^atio]^. 

Draw "Dd, He parallel to BA, then Ae and Bfi 
tre Mual, ^ alfo ^^ and BPj and ^e, f^, *F, 
*qd 4<', it>3 ^ are pyop^rt^ioB?/ : tha^is, fc^ 
the firft form -f?- — x, *, « +^ ; and $?r rfje fef 
cond -w- *, ^ a — ;f. Whence the Very Equa- 
tions of thoK Forms are prqdticed. 
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CHAP. XV. 
Geometrical Troblems. 

Problem XXVIII. 
Tab. I. ^84.' I ^ O infcribe a Square in a ffven Triangkk 

Let the given Triangle be ACB, and the 
Square to be defcribcd EFHG ; and from the 
Vertex C to AB letf there be drawn the Perpen- 
dicular CD. 

Let now AD=^ 
AB = ^ 
CD = rf 

FE=x 

In the fimilar .Triangles AFE, ADC, AF (>), 
FE(x), ::A,D(a),DC(d). 
ax = yd 

' Irt the finiilar Triangles BHG, BDC, BH = 
BA--AF — FE (b—x—y) HG = FE(x) 
} : BD (b-^a), DC (d). 

bx "-^ ax = db — dy: — dx. 
Putting for dy its Value ax, we have 
bx -^-^ dx ==^ db 
b-^dy b::d,x-.(ii^). 

X being known, -if in the Perpendicular DC 
you take DI equ^l to it, and through the Point I, 
draw a Parallel to the Bafe ; this Parallel will 
determine the Points E and G. 

P K O- 
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'V'VT'V X Ai. I. 

Problem A AiA< gg^ ^^ 

285: LetAR he' the Diameter of a. Semicircle 
^whqfe Center is C ; and let^ D, E be two Points equi- 
difldntfrom C: The Potnt is fought in the Circum- 
ference, from which if the Lines FD and FE are 
drawn, the Radius may he a Mean Proportional he- 
twixt the Sum and Difference of thofe Lines. 

Let FG be drawn perpendicular to the Dia- 
meter, and let DG = CE = ^ 
FC = * 
FD = x .. 
FE=:y 

The Condition of the Problem is this : 
-^x + y^h, X— >. 

Therefore, 

i«>. hh = \:x—yy 
in the Triangle FDC, by Uh. 11. Prof. 1 1. El. 

20. XX = /la + hb-^ tax,. 
in the Triangle FCE, by UbAl. Prop. iz. Rl 
jO yyz=aa + bb^ taz. 
This third Equation being fubtrafted from 
the fecond, gives 

.XX — yy=^ ^az.. 
Whence in the firft Equation we find 
. . bb^s^j^ax. . 

Now 2. being known (277) the Point G is 
given; whence a Perpendicular to AB being 
drawn, the Point F is determined. 

Observation VI. 

aStf. In this Problem we feek z., not x or ; ; 

becaufe z, has but one Value, but x or j' more, 

^s X Cor inftance. This is the greater of the 

H J two 
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two Lines, aifd cW there, can 4>iirK)ne fuch Line 
^be drsCWn from the Pokxc D\co*tiie Semicircle 
-AFB, yet there may, be ^another equal to it 
"drawn in the o^ppfice. Semicirde ; for the Lines 
I^'E/fatisfy' the Problem. . But thefe Lines are 
negative (itfj), tbercfo/e x has ^wo equaf Va- 
lues DF, D/, bfic'cf whidi 'i? affirmative, anil 
the orher n^atit^ : and therefore xc^not be 
found but in an Equacifc^n J^at oontains th«^ya- 
lue of the Square *x. This Equation may be 
difcover'd by addifig ther three Equations. 

<yy ±=ina 4" *^ 2VfeC 

'^xx'5=* \aa ^ ^U 
XX = ^a + \bb 

•iSyJ It rtky hi unlvetfally,- ?hat when thfereis 
a Line that has the ianle relation with rcfpeft to 
two bthfer LiKfesiRat.folve t*e Problem, r as- here 
DG, to D.F find Dfj' then this 'Line is to be 
. fotlght, if the'determining it gi ves'tbe Solution 
of the l^roblem. 

PR'diffM XXX- 

Tab. II. 288. TU famihnmgs ' telldg^^vih^trdifener ^ilht 
*fr '• Pom Fyf^cA, that the KxiiM^t nmif be a Msan Prih 
fortional betwixt the Lines JFD>;FE» 

The Lifltes-being dc^gn'd with the iameiet- 
-tcrtf as^ in the precedeniyProbiem, we.bave thefe 
Equations. 

ocj-^^bb. . ,. 

XX =!=^ aa -j- bb -jr ^^^ 

. 'in thefe Eqhatfons' there as fabthliig'* that ton- 
^$nes X to'ex'pfefs'thc' greater Llhc*^mlrer^han 

the 
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the Idler ; it muft therefore exprel^s both : for in 
the two laft . Equations jf will be the greater, if 
VL is negative ; confequently, x oty will have two 
affirmative Values. But they havb alfb in the 
oppofite Semicircle two correfpoiiding negative 

'Values, therefore the Squares xx and yj ^^ill 

.have two Values. If we feek x then, We (hkll 
neceflarily hav6 an\Equation of fbur^'Dlmen- 
fions ; which, if we feek the Value of the SqUarc 
XX, is refolvM as an Equation of twb Difrien- 
fions, becaufe of the two Values of this Square. 
,But if x» is determined, thte Problem ii alfo 
folvM ; becaufe G being giveni F is detertnin^d : 

,But %» has only two Values, one affirmative CG, 
aQd the other negative Q ; I feek therefore «», 

, becaufe I ihall have an Equation that will give 
the Value pf the Square tji,. 
tjThe firflfc Equation giv^s 

XX =5 — 

n 

The fecond is changed into this, 

yy 

And making ufe of the third Equation^ 

Which laft Equation, when reduced, (lyi*^ 
fe^.) is changed into this ; 

Let the Square t^> whofeRoot is i^,bc dou- 
bled C^8o) ; then we have the Root of the 
Squftte 4- hh : and feeking a Square equal to two 
Squares (%icf) the ProUem isconftru£ted 

H4 ■ Pro. 
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Problem XXXI. 
Tab. IK ^Sp. Given a Square ABCD, to draw a right 
"6- ^- Line from the Angle A, fo that the part FE in- 
tercepted betwixt the Side CD and the Side BC 
continued, may be equal to a given Line. 

By confidering this Problem, without any re- 
gard to the Reftriftions that cannot be confi- 
der'd in the Solution, it will be evident that the 
Problem may be reduced to this : From the Point 
A to draw a Line fo that its Part intercepted in 
the Angle form'd by the Lines DC, BC may be 
equal to a given Line. 

And we may eafily fee that the Problem has 
four Solutions; for the Lines AFE, A£F, ekf^ 
eAf fatisfy the Problem ; for each of the Lines 
FE, EFy ef^ ef, is equal to the given Line. 

Now if we feek AF, the Equation will aJfo 
give AF, Ai, and A/, and will be an Equatioa 
of four Dimenfions. 

If we feek DF, we difcover befides DF, Df, 

But we muft obferve, that FE, FE are fimilar- 
ly pofited, as alfo fe^ fe; and therefore diffe- 
rent Lines are given, affefted in the fame man- 
ner with refpeft co FE and FE. Now fuch an 
one is. to be chofen from amongft thefe, as will, 
when known, folv^ the Problem (287). 

If we conceive the middle Points LL of the 
Lines FE, FE to be join'd, the Line joining 
them will cut the Diagonal of the Square AC 
produced in M, and AM or CM is pofited fe the 
fame manner with refpeft of either of the [Lilies. 
But the Point.M.bemg given, the Problem is 
lolv 4 ; becaufe ML is pei*pendicular to AQ :m4 
CL IS equal to LE wljicb.is given. 

There-* 
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Therefore AM or CM is to be fought, either 
of which has onlj^ two Values AM, Aw, or CM, 
On. 

Examining the Figure, I fee the Computation 
will be fimplcr if CM is fought. This chereforQ 
I call Xy and put 

CM = X 
FE = 2rt 
AB=AD = * 
AC=c 
AF=^ 
FD = z. 

The Triangles ABE, AFD are fimilar, and 
AE + 2^) AB(^) :: AFO), FD(z.). 

In the right-angled Triangle AFD, the Square 
AF (yy) is equal to the Squares awt 4* **• 

Again, in the Triangle ACL becaufe LM i s 

perpendicular to AC, the Square AL y+a^ 
is equal to the Squares of the Sides AC, CL, and 
twice the Reftangle ACM ; that is, cc + ii^i + 
axe. There are given therefore for the three un- 
known Quantities, thefe Equations : 

X®. lfy=zzy -f- zTLa, or x = — p — 

^^. yy=zz^'\- bt 
/^^. yy-^iya^:^ cc-^2xc. 

By fubftituting the Value of z., the fecond E- 
quation is changed into this : 

._^^ ^^ 

yy+^^y + ^aa 

j^'^+ 4^^^' + ^^yy = ^Wjy + ^bay + /^bhaal 
The firft Member of this is the Square of the 

liip: Member of the third Equation, whence we 

deduce a new Equation : 
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By icalbn of the right-apglcjd Txiapgle XbC, 
cc = aW. 
Therefore 

c^+4£*x+4Ccxx=ceyy-}-2Ccay — 2ccaa 

Voryy-^ lay, I put the Value of it that i$ 
given in the third Equation, and we have 

The Conftruftion of which is eafy (282)* 

Observation VII. 

ipo. • But the Number of Geometric Solutions 
does not always determine the Number of Di- 
menifionsof the Equation by which the Problem 
is .folv'd« The . Dimenfions of this Equation 
ofcimes exceeds the Number of pofHble Solutions ; 
which is owing to three Caufes. 
When the Conditions of the : Problem ajge- 
- . braically expreflfed have algebraic Solutions^ which 
cannot be applied to the;. Problem, geometrically 
confider'd. 

There .are befides two ^aufes cxplainM be- 
fore (2^0^223,235) but It may be obferv'd, 
that what was explained in ». 220. cannot be ap- 
plied to Geometric Pfoblems, unlefs the Problem 
Jdoes not permit an affirmative BLoot to be alfo 
"negative; and vice verfa i ht in. Georoejtry th^ 
Affirmation or Negation does frequently dep/^nd 
on the Figure which, may be drawn otherwifc. 
The two foUowmg Problems ^will iUuftrate thefe 
three Cafes by Eicamples. 

Pro- 
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'Problem XXXII. 

291. To form a Squarf^ the Difference betwixt 
the Diagonal and the Side ieing given. 

Let the SqtKirebeDCEF, kt the Side be Tab. II. 
caUfid X, -and the .given ^DiflepeB ce^AR g= a ; thefig-S- 
Square of the Diagonal DE=x + /i Vis equal 
to the Squares of DC.and G£^>«bat is, ixx. 
Therefore 

•XX + MX +^^«= 2XX 
^XX— 2tfX— fl^=o. 
This :£<|uaition has two Roots, but the^affir- 
mative only folves * the , Pi:i)blf m : the negative 
one IS' equal to the. Side tajcing. away. 2/1 j?for 
if this Difference is cklled — x, we come 1:0 the 
fame » Equation xx — lax — ^ ^ = o. But this is 
not at all interefted in the Problem geometrical- 
ly confidered, as is evident irom the Figure it- . 
fclf. 

. PROBLEM XXXIII. 

292. There is given a Semicircle AEByMnd W Tab. XL 
KB £Qminued. there is. an undetermined Perpendicular ;fifr 4* 
DF, AF is to be drawn fo that -H- EF, DF, AE- 

It is evident at firft view, that ¥D may be 
continued below A0, as- alfo the Ser mi circle con- 
tinued to a Circle, and that none of the Lines 
EF, DF, AFcaurbe difcoverM, untefs we^alfo 
find an equal negative Value at the fame time. 
'The Equation will therefore necelfarily .contain 
lhi2 Square o£ the;Qnantity fpvght. 
EF—x 

AE=^2u 
AB^a 
AD=* 

Th* 
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The Equations are deduced from thefe Pro- 
portions : 

^EFCx), DF(y), AE(0 

AB {a\ AE (z,), : : AF C^ + x), AD {h) 

AF^z, + x*=FDHj!;>+ADH^*-). . 
Therefore, 

2. zx + z,x = ba. 

The third Equation, after the firft and fecond 
are fubftra£led from it, is reduced to this : 
XX =^^ — ba. 

But although x is now given, the Problem is 
not yet folv'd ; for I cannot draw AF, unlefs 
AE or DF is given, that is, z, ory. I feck 2,, 
becaufe it is eafieft to be difcover'd. 

The fecond Equation is changed into this ; 

zx,xx^= bhaa — ibazjz* + 1.^ 
Therefore, 

xx^bb — xx,ba = ibaa — ibasix* + x,^ 
That is, 

z»^ — /dfzA + W/ia = o 

— bbz,20 

Which Equation has four Roots, two pofitivc 
and two negative ones, equal to them ; that is, 
the Square zj^ has two Values, but one of them 
is to be rejefted (230), becaufe sc^ is the Square 
of the Root — z^x,, not of + ^^ > and this fol- 
lows from the Nature of the Problem, and not 
from a Line drawn at pleafure. 

We may alfo reduce this Equation to two Di- 
menfions, if we put 

W — ^a = dd. Then 
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Then X is equal to + ^ and — d^ and fubfti- 
tuting thefe Values of x in the Equation jwc = 
ba — M., we have thefe two Equations; 
zx^-^-dz, — ^j=o 
zz, — d^ — ba = o» 
Each of which Equations has one affirmative 
and one negative Root, 

I rejeft both the Roots of the laft Equation, 
becaufe we have nothing to do with the negative 
Value of X. 

In the firft, I chufe the pofitive, and rejcft 
the negative Root. 

193. It is to be obferv'd, that this negative 
Root, with the affirmative one of the Equation 
xz, — Z.X — ba-=^Oy belong to impoffible Cafes 
(235, 23d). For if we feek j', we fhall fee that 
the Problem has two Solutions ; which may in- 
deed be algebraically expreffed^ but are in rea^ 
lity impoffible. 

The iirft Equation is changed into this : 

y^ =xAXX=^bbzsc — bazA 
The fecond is changM into this, 

z»z»=itf — yy* 
Therefore 

y^^^bb — baxba — yy 
Or, 

This Equation gives two Values of the Square 
J7, one of which is negative ; and confequently y 
Jbas two impoffible Values (218). 

Ob* 
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Ob^sbrvatiqi^ VIII. 

294. Sometimes it happens, that the Number 
of Solutions exceeds the Number of Dimenfions 
of the Equation by which the Problem is foIvM ; 
Hd^ith i$ » Paradox : fiMe from what has beea 
explained before (2 1 2), it is maniftft that the un- 
known Quantity cannot hftve more Values than 
k htti Dimenfioiis in the (ingle Equation. 

This Cafe has place only in Geometry, and 
may fomeiimei^ happen becaufe the Number of 
Geometric Solutions may exceed the Number o£ 
Algebr^id S<»liiitions. Thiai fails out wbe^ many 
^qual afintiatite or negative Lines /bt\»e the 
Problem, for variotis equal Values are algcbrai- 
cWly the fame Value. 

2p«f. But it is to be remarked, that on fuch 
x^eeiaflon^ We have not always a Ampler Equation ; 
for an Equation may contain two equal Valties 
of the fame unkftown Qaantity : that is, cenfi* 
dering the tiutig aiget»«ically, twice the fame 
Value. In this £qu«tioif| xx — lax + /la :^o, 
X has two Values equal to a i which, except in 
a Geometric Problem, fignifies nothing but that 
X is equal to a : for if x = a, we have this E- 
quation, x— «»«^ orxx— 2xij + ^^==o, or 
even more compounded* But we do not always 
arrive at that wlwch exprctfas the Number of 
equal Geometric Sdtttiotts; Tfeis Obfervation 
is illuftrated by the following Problem. 

PaoiJitM XXXIV. 

Ta b. II. ^9^- ^^ ^*^ Circumference of the Semicircle ADBj 
fig. 5. * ivhofe Center is C, there is fought the Point Dfucb, 
that if from it to the Diameter AB, there is dravsm 
the Perpendicular DE, the RxHangh under CE and 

ED 
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ED' may Be eauhl to the Sqiihri (f the given Line 
FH. 
Let us put 

CE =:x 

DE =y 
FH = * 

And we have theie fiquations t 

hB 
xy = bb y:=^~ 

aa^=^xx -\-yy. 
And by Subftitucion^ 

aa^xx-j- 



x"^ — aaxx + i^ == o. 

Wiiifch Etjuaticri, if f6lV*d (217), give^ iwo 
Values of the Square xx ; which have each a po^ 
fitive kbbc and hn c^uii negative one : x (CE) 
therefore has two Vialtfes X)n Wch fide the Cen* 
ter ; and four Points E, E, e, e, may be deter- 
mined by this Solution. 

JEfcl) of thefe Points afford two Solutions, one 
affirmative ibove the Line AB, and the other 
n^atiye. b'etew the Line ; y therefore has foui 
amrrnative^ and as' tnany negative Values. But 
in tne given Equations it we ieek>, we have 

>^ — Artjy + *'*=» o. 

WHich "Equation gives only two pofitive and a$ 
mahy negative Values j/fhe rcatlcn of this i5 
manSeflr, beckufe bf 'tire 'fiqualiiy of EO, eD^ 
knd teB, ^D (294, 25>y), 

ipy. But that this Equation k^ 4- >^»^^^^* 
«6 mky be cbnftrljl6fed, it mttft ^rft be folVd 

(217), 
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(atyX ^^ reduced to twa others more fimple ; 
and we have 

I feek a third Proportional to the Lines a and 
t (277), which I call d ; then 
hb = ady and b^ =aadd. 

Whence V^— i^ =aViaa—dd (1J4.) 

NowV:^^^— i^ may be determined (281). 
I put ■ , 

V-^^aa—dd^te. 

And making §ubftitution, we have 

XX = -taa-\-ae 

xx^iaa — ae. 

The Conftruftion of either of which is not dif- 
ficult (279). 

We might refer hither n. 199. See Prob. II. 
which does not differ from this. 

Observation IX. 

2p8. We fee how in Geometric Problems ne- 
gative Solutions are fometimes rejefted : This 
happens for the mcft part when we feek a Con- 
ftruftion on one fide of a Line, which takes place 
alfo in the fame manner on the other fide. As 
to the reft. Roots are rarely rejefted in Geonic* 
trjr, becaufe they are negative. For a negative 
Line differs only in Pofition from a pofitive one 
(264,265.) Wherefore oftimcs pofitive Solu- 
tions ai-e changed into negative ones, and 'vice 
nmfa only by varying the known Quantities ; and 
various Cafe? may be determined, only by con- 

fidering 
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fidcring the Equation by which the Problem is 
folv'd: Which we will illuftrate by an Example. 

P R O B L £ M XXXV. 

2pp. lo draw a Crcle which may pafs through a 
given^ Point, and may touch a Line giiten in Pojjtion ; 
as alfoa Circle given in Magnitude and Pofition in 
the fame Plain. 

Let A be the Point given, B D the indetermi- Tab. 111. 
xxcd Line given, E F the Circle given, whofe Cen- fig» »• 
teris C 

The Center of the Circle fought I fuppofe to 
be N; drawing N C, E will be the Point of Con- 
tact rf the given and fought Circles ; drawing 
K I perpendicular to B D, I will be the Point ot 
Cbntaft of the Circle fought, and the given Line : 
NA, NI, and N E, are therefore Radius's of the 
iame Circle, and coQfequently equal. 

I draw AB perpendicular to BD, which I 
divide into two equal Parts at M, and drawM L 

Srallel to BD ; I fuppofe AI drawn, which cuts 
L in O, and al£b in two equal Parts, becaufe 
of the Equals AM and MB ; therefore in the I- 
fofceles Triatogle ANI, NO is perpendicular to 
AI, and NOI is a right-angled Triangle, in which 
OL is perpendicular to the Hypothenufe, and 

4^^[L, LO, LL 

If NI is fuppos'd produced to H, fo that IH 
may be equal to EC, and fuppofing alfo CH 
drawn, the Triangle CNH^will be Ifofceles* 
Let there be drawn now Cl5 perpendicular te 
BD, and let this' be produced to G, that DG 
and IH or EC may be equal, that is, HG paral- 
lel to ED I let CG be cut in Q, in two equal 
Parts, and drawing QR parallel to BD, it will 
cut CH equally in P, and NP will be perpendicu- 

I lar 



114 Univerfal Mathematics. 

lar to HC, wherefore the Triangle NPHiS 
right-angled, and PK is perpendicular to its Hy- 
pothenufe, whence it follows 

r^NK, KP, KH. 
Let us put 

AM = MB=LI = c 
MR = LK = i 
MO=OL=* 
NL=j' 
Therefore PQ.=KP ==<»r^ » 
We have only two unknown Quantities x and 
f , which being given, N may be determin d j we 
have alfo two continued Proportions, which ^ge- 
braically exprelfed, are 

Thefe give the Equations 

icx ^yc or y — -- '"' ■ 

•^ -J. 

aa — 2ax+xx =» S^ hj 
And by Subftitution, \' 

*xx 
tfa-^ 2<wf + XX = <» + -— 

Whence 

Case I. 

,00. If c exceeds*, that is, if AB is greater 
than CG, the fecot^ Term of the Equation « 
negative.; if in the fame Cafe aa exceeds 1^, that 
aX^TfBD exceeds double the mean Frogomoa 



XX— — -i r- — o 
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betwixt MR and CX^, the }aft Term will be af- 
firmative^ and the Equation has two affirmative 
Roots (zi !? ); that is, V¥o Circles have the requi- 
fite Properties, both whofe Centers are towards 
the fame part of the Line AB with CD, but one 
of their Centers lies? betwixt thefe Lines, the 
other beyond CD; 

C ASH, tl. 

301. If c remaining greater than hy the Rec- 
tangle db exceeds ady the third Term will be ne- 
gative, and one Root is negative, the other affir- 
mative (215); that is, the Line AB will be given 
betwixt the two Centers of the Girclds that 
folve the Problem/ 

Case IIL 

302. This alfo happens if i exceeds c, and 
aa exceeds db (215) ; for then the fccond Tern^ 
is affirmative, and the third negative. 

Case IV. 

.303. But if when ^ exceeds r, the Reftangle 
db exceeds aa^ all the Terms are affirmative, and 
both the Roots negative (215); wherefore both 
the Centers are on that Side AB, which is bc-^ 
twixt it and the Line C Q: 

C AS E, V. 

304. If aa=^bc^ the Equation is changed mto 

this, . . 

XX r=®> whofe Roots are 

x==o 

Q — b 

I 3 That 
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That is,' one Center Iks in the Line AB, and 
the other lies in the fame part of this Line ^th 
CD| if c exceeds b; but otberwife, if b exceeds ti 

Case VI. 

305. If c=3;^ the Equation multiplied by o^ 

is 

XX y c— *— a^x + tftfc— ifcsro 

But t — * = oi therefore we have 
aa^S 



x = 



. And the Problem has only bne Solution, the 
other Center going off m infinitum. 

io6. But as to the Conftru^on of this £qua« 
tion 

tacx , aof^bdc 

we muft feek a fourth Proportional to thefe 
thtee c — *, c, « , which we may call /j and ano- 
ther to thefe three a^ b^ d, which I call ^ i 
Therefore ^ ^ ^ . ac 

a, b: I d, g, and ag—bd. 
The Equation then is c hanged into this ^ 

XX— 2^+^»— « x/=o 
N ow finding a mean Proportional betwixt 

a-^ and /, and calling it *, we have this E- 
quation 

xx-^a/x+AAsso 

The Conftruftion of which we have already 
explained (217). 

When ^exceeds if, it is+2/x, but on the con- 
trary — a/x when c exceeds b. When a is grea- 
I ter 
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iserthan^, we havc + **i bat-r*fc, when g 
\s greater than a. 

Observation X. ^ 

307. In Geometric Problems it is not always 
necei&ry to continue the Computation 'till we 
come to a (ingle Equatiop. For when we have 
an Equation that gives the Proportion betwixt 
two unknown Quantities, if onlv thofe two ^e- 
main» the Figure is to be examin d, becaufe oft- 
times fromfuch an Equation we deduce a Co^r 
ftru£lion; as will be evident in the iollovnvk^ 
Problem^ and in Prob. 41. 

Prpb|.em XXXVL 

308. TodefcrtbeaGrcle then may touch another 
Orck given in Magnitude and Pofition^ and may al* 
fi fafs thnugh two Points given in the fame Plane with 
the Grck. 

Let the given Points be A and B, the Circle Tab, in* 
given DD, whofe Center is C ^* *• 

Draw AB, and let it be bifeftcd in F, and in 
that Point let FG be ereAed perpendicular to it. 
It is evident that the Center of the Circle 
fought is in this Perpendicular, fuppofe it to be 
N ; and let us conceive the Lines NA, NC, 
drawn, of which this laft cuts the given Circle 
in E! ; NA, NE, muft be equal. 

From C let fall the Perpendicular CH on FG, 
and let 

FH = a 
FA = * 
CH=c 
CE^d 
NH = x 

NE=NA=j 

In the right-angledTriangles' NCH and liFA, 
we have • • • ■ ••..•»• 

^ "r I J NC 
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NO=CH'i+ NHS and NA^ = AP + FN^ 
That is 

yy + 2 A + ^^ = cr + XX 

I fubftraft the fecond Equation from the firft. 
lis^ dd^=zcc — bb — aa — lax 
' ^dy ^=^cc — bb — aa-^^dd'-^zax 
I feck a Square equal to cc — bb'^aa'^ dd 
(280, 281); let this be ee. 

I then feek a third Proportional to thefe two 
Quantities, 2tf, e, which I call/; and 

Therefore 
dy = ^— ax. 

Whence 
yj—xx:a,d. 

If now HI=/, NI is equal to /— -x^and it 
will be 

NE, m::a, d. 

If we conceive I E drawn, and CL parallel 
to it, it will be alfo 

a, di: ECCJ),IL=— 
a 

Whence we deduce this Conftruftion. Suppofe 

the Lines AB, FG, CH, which arc given to be 

drawn, as is before mentioned^ I take HI=/ which 

is given, and IL = ^ which is alfo givefri. t 

draw LC, and through the Point I, a Parallel to 
it IE, which cuts the Circle DE in E and e ; and 
through C and E, I draw a Line which produced 
eutsFGin N; which is the Center fought, as 
is evident from what has been before explained. 
The Point e fliews that there is another Solu- 
tion of the Probleni, and C produced, deter- 
mines 
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mines by its Interfeftion with the Line FL, the 
Center of the fecond Circle. 

When N falls to the other part of the Point H, 
X is negative, but that does not change the Con- 
ftrui^ion. 

When bb-\- aa-^- dd exceeds cc, we put bb + aa 
-^dd — cc = eey and in this cafe / is negative ; 
wherefore the Point I is marked on the other Side 
of the Point H (254). 

Observation XI. 

309. Having already Explained thofe Things 
which are to be obferved in algebraic Solutions 
of Geometric Problems, we may now add that 
Algebra is not always neceflary, for in many Ca- 
fes a Conftrudion is eafily deduced from the well 
known Properties of Figures; wherefore this 
ought firft to be attempted before we enter on 
the Computation. 

Problem XXXVII. 

310. 7a defcribe a Circle which may touch two gi-- 
ven right Lines ^ and alfo pafs through a Point given 
in the fame Plane. 

Let A be the Point given ; and BD, EF the J^^'^ "' 
Lines given, let thefe be produced 'till they cut ^' 
each other in G; let GN be drawn, which di- 
vides the Angle DGE into two equal Parts, 
(267), it is evident that the Center of the Circle 
fought is in this Line. From A let fall the Per- 
pendicular AI upon this Line (269) ; it is again 
evident, that if this is produced, 'till IH is equal 
to AI, H will be in the Circumference of the 
Circle fought. 

This premifed, let us fuppofe N to ^e the 

Center of the Circle fought, and NM to be per- 

I 4 pendicwlar 



t2o UniDerfal Mathematics. 

pendicular to £F, NM will be the Radius of this 
Circle, and M the Point of Contafl. 

All this is to be confider d before the Compu- 
tation is begun, which I prefently fee would be 
unneceflary, if we continue the Line AH 'till it 
cuts EF in K ; for it is evident, that KM is a 
mean Proportional betwixt the known Lines KA, 
KH (35. Ill JE.) wherefore M is given (27?) ; in 
which Point if there is a Perpendicular erefted, 
it will cut the Line GI in N, and will determine 
the Center of the Circle fought. 

Obsekvation XII. 

311. There are fometimes Conditions given in 
Geometric Problems, which cannot be algebrai- 
ipally exprefled ; in thefc Cafes, the Solution is 
to be deduc'd folely from Geometric Confidera* 
tions. 

Problem XXXVIIL 

312. A Point and a Parallelogram bei!% given in 
the fame Plain, through the Point to draw a Paral- 
lei to a Line given by Pofition in the fame Plain, v)ith^ 
out making tyeofa Grcle. 

Tab III There is to te drawn a Parallel to BF, throtigh 
fig, J. ^ 'the Point A, only by drawing ftraight Lines, the 
^^ parallelogram IL being given in the fame Plain. 
It is evident by confidering the Problem, that 
Algebra is here unufeful ; for every algebraic So- 
lution produces an Equation, which can never 
be conftrufted without making ufe of a Circle. 
TheSolution is therefore to be deduced from Geo- 
pxetric Confiderations. 

I flrroduce three Sides of the Parallelogram, 
?cill they occur to the given Line in B, C, & F, 
wjiicb is glfo cut in E by the Diagonal KM pro- 
duced i 



\ 
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auc'd; the fourth Side IK is produc*d indetermi- 

Ttes prenu&*d, theCpnftruftionisthus; From 
A, I draw Lines to B ind C ; the firft of wWch 
cuts the Side IK, or its Continttation, in D, 
whence I draw DE, cutting AC in G, and 
through that Point draw FG, which occurs to 
theSdelK, oritaContinuatiwiinHi AH will 
beparaUeltoBF. 

Demon ST K, AT ION. 

From C to T the Interfe£tions of the Lines 
FL and ED, I draw the right Line CT. 
Becaufe of the Parallels KB, MC; 
EC, EB : : EM, EK. A 
And by feafon of the' Parallels DK, KM; 

ET, ED : : EM, EK. 
Therefore 

EC, EB: :ET, ED. 

Wherefore ADB and NC are parallel ; whence 
it follows, that the Triangles CGN and AGD 
are fimilar ; and 

GN, GD : : GC, GA 
But by reafon of the Parallels TF, DH, the 
Triangles FGT and HGD, are fimilar j and 
GT, GD : : GF, GH. 

Therefore 

GC, GA : ,• GF, GH 

And theTrianglcs CGF,AGH are fimilar (6.VIB.) 
for the Angles FGC, HGA, being oppos'd at 
the Vertex, are equal ; therefore the Angles 
CFG and AH G are -equal, and AH parallel to 
FC (27. 1 £.) 

Different Cafes of this Problem may be given, 
but the Solution of ttemall is eafy fi:om the Con- 
T.:': •• " ftruftion 
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^uftioti here laid down, which takes place in this 
Figure, wherever the Point A may be fuppos'd. 
But when by reafon of the Situation of the Pa- 
rallelogram, with refpeft to die Line BE, all the 
Points B, C, E, F, cannot be determined ; ano- 
ther Parallelogram is to be drawn^ which is ea<- 
fily done when one is given. 
Tab^III. 313. LctiKLMbe the given Parallelogram, 
*fr 4- whofe Diagonal is KM ; let there be drawn two 
Lines RS, PQ, at pleafure, cutting each other 
in O, feme Point of the Diagonal, the firft occurs 
to the Sides IK, ML of the given Parallelogram 
in R and S ; the other Line fc^ cuts the Sides in 
P and Q^ the Lines joining R, Q^and P, S, will 
be parallel; and being continued, as alfo the Sides 
KL, ML we ihall have a new Parallelogram 
TQVP. 

Demonstration. 

Becaufe of the Parallels KR, MS, the Trian- 
gles MOS, ROK, are fimilar ; as alfo the Tfi- 
angles POM, KOQ., becaufe of the Parallels 
U?y KQ. Therefore 

SO, OR : : MO, OK 
PO, OQ: : MO, OK 

Confequently 
SO, OR : : PO, OQ^ 
Wherefore the Triangles PSO andROQ are 
fimilar, and PS, RQ parallel 
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CHAP. XVI. 
OfThyJical Troblems. 

3 i4.T3Hyfical Problems are folv'd like others, 
X^ it we only remember the Rule laid 
down w. 18}. tomakeufe of what is known 
from other Principles relating to the Queftion, 
in order to bring it to an Equation* 

Problem XXXVIIL 

3 1 J. Given the Height of the Quickjtlver in the 
Barometer, to determine the Height of the Quickjtlver 
in a cylindric Tuhe, whofe Length is given, and which 
has a given Quantity of Air included in it. 

Let the given Altitude of the Mercury in the 
Barometer be a ; the Height of another cylindric 
vertical Tube, above the Superficies of the Mer- 
cury, b ; we fuppofe this to be clos'd on top, and 
a Quantity of Air in it, which in the State of the 
exterior Air, would occupy the Space c in the 
Tube ; the Height the Mercury will be fuf- 
tain'd at in this Tube, by the PrefTure of the At- 
mofphere, is to be determined. Let this Heighc 
be called x. 

This Problem cannot be refolvM, unlefs the 
Law, according to which the Air expands it felf, 
is known ; which is. That the Space taken up 
by Air is inverfely as the compreffing Forces. 

When the Air in the Tube takes up the Space 
c, it is comprefled by the whole Atmofphere, 
and the compreffing Force can fuftain a Column 
of Mercury whofe Height is a. 

But 
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But the Air in the Tube is dilated^ and takes 
up the Space i — x ; and the Preflure of the At- 
mofphere produces two Eflfefts, it fuftains the 
Mercury at the Height x, and by its remaining 
Force, capable of fuftaining a Column of Mer- 
cury a — Xj compreiTes the Air in the Tube. 

Therefore when the Spaces taken up by the 
Air are c and t — x, the comprefling Forces arc 
as « to ^ — X. Confcquently 

r, *— X : : a — Xy a 

ca = ia — ^x — ^x + xx 
XX— tfx + ^^==o 
r^ ix — ca 

Which Equation has two pofitive Roots (a 15)9 
but one only ferves the prefent Purpofe ; it may 
be diftinguiih'd from the other (230), if we re- 
member that XX in the Equation had the negative 
Root — X. 

Problem XXXIX. 

515. Given a Ahxtureof two known Metals^ to 
determine how much of each Metal' it contains. 

That this Problem maybefolv'd, it is enough 
to know, that diflfercnt Metals, equal in Weight, 
lofeunequalParts'bf their Weights, when they 
are weighed in Water. 

' Let there be given a Mixture of Gold and 
Silver, lee the Weight of the Mixture be a ; let 
there be given befides, any two Pieces, one of 
pure Gold, and the other of pure Silver; let 
thefe be weighed in Water, as alfo the Mixture. 

Each of thefe Bodies lofe fomething of their 
Weight ; let b be the Weight loft of the Mixture 
h, let the Weight of the Gold be r,' and the 
Weight it lofes in Water be d ; let the Wdght of 
<h^ Silver be ^, and the Weight it lofcs/. * 

Call 
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Call the Weight of the Gold in the Mixture x, 
tod the Weight of the Silver will be /f~x; let 
the Weight of the Gold, in the Mixture loft in 
the Water, be called j^, then the lofs of Weight 
of the Silver in the fame Mixture will be b—y. 

It is evident that the Weight of the Gold c tr 
to the Weight of the Gold x, as the Weight loft 
in c to the lofs of Weight in x, which muft alfo 
be applied to the Silver e and a — ^x. Therefore, 

c, X : : d, y 
€, ^— X : : /, b^^ 

Whence we deduce j^ 

ixsscy, orjf=^ 

r, ^— ,x XI fy b 

c 

c 
cfa^^cbe 
cf-de 

Problem XL.' 

317. Fr(m a given Point to throw a Body^ with Tab. HI. 
a ^yen Velocity^ to a given Point B. fig* h 

When the Velocity is given, the Altitude may 
be determined, from whence a Body falling will 
acquire that Velocity : Let this be DA, which 
Line we will place vertically. 

It is well known in Phyfics, that a Body thrown 
whilft it moves with an uniform Motion, along 
the Line of its Projeftion, does, mean while, fall 
through Spaces, which are as the Squares of the 
Times, thefe two Motions not difturbing each ' 
ether. It is alfo known, that a Body, with the 

Velo- 
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Velocity acquired by falling from a certain Height^ 
will in the fame time it fell, go through a Space 
equal to twice the Height it fell from. 

This premised, let AE be theDireflion fought, 
in which the Body by its projedile Motion, runs 
the Space AE in the fame time, that in falling ic 
goes through EB fupposM venicaL 
Let us put 

AB=a 

AD = * 

AE==x 

EB=7 

In the time that the Body falls through 
jr, by its projeftile Motion it runs through x. 

In the time the Body falls through *, by 
its Projeftile it will run through ^b. 

The Spaces dcfcrib'd by an uniform Motion, 
with the lame Velocity, arc as theTimes ; but the 
Spaces fell through, are as the Squares of the 
Times. Therefore 

XX, /^h :: y, t 

I produce AD to F, fo that AF = 4 AD; I 
now fee that the Line AE is fo to be drawn, that 
AF, AE, EB, may be in continual Proportion; 
which they will be, if EF being drawn, theTrian* 
gles AEF and AEB are fimilar, or the Angles 
AEF, EAB equal : whence it follows, that the 
Problem is folvM, if therfe is a Circle defcrib*d 
through the Point F, that touches the Line AB in 
A, which is very eafy. This Circle will cut the 
vertical Line paffing through B C32. Ill E.) in the 
Point E. But as it cuts this Line in two Points^ 
Jt follows that the Body may be thrown in two 
different Directions. See Obferv. 10. ». 307. 

This 
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ThisConftruftion of this celebrated Problem is 
very fimple and univerfal. I attainM it by the 
Method here laid down, but afterwards flaw it 
explained by Mr. Cotes^ Profeflbr at Camhidge. 

If in feeking the fecond Equation we had com- 
pleated the Algebraic Solution, the Conftruftion 
of the Equation that contained the Solution of the 
Problem, would have been more compounded ; 
and meer Geometric Confiderations would, with 
more Difficulty, have brought us to this Con- 
ftrudion* 
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THE 

PREFACE. 

AL L Jtttbors do not write meerly 
for the ufe of 'Beginners^ neither 
Qan it he reafonabPp demanded of tbem^ 
Who could expe£i that Sir Ifaac Newton, 
wbilft be lays open to ^Philofopbersy the 
fublimer parts (f Mathematics and 'Phy^ 
ficSi fljould write a Treatife of the firji 
Rudiments of Jlgthra^ He heing former- 
ly Mathematical Trqfeffor at Cambridge, 
eMplair^d thefe Elements to the Toutb of 
she TJniverfity \ and then delivered in 
the written LeBureSy according to the 
Cuftom qf the Placet but never intended 
them for the ^refs : So that this Trea- 
fure tmuldfiill have been hidt bad it not 
beenpubli^ed contrary to the Will of the 
Jutbor* Which ASiion we cannot indeed 
commendy tW we congratulate the Lovers 
tfthe Mathematics y that a Book fo wor- 
thy of itsJceMirated Author y does no longer 
remain in darknefs. 

Ibis Work would be much more ufefuU 
iffome things in ity elegantly y tb^hritf- 

K 2 /' 
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ly exprejjedy were more adapted to the Ca-^ 
pacifies of "Beginners \ and if others^ which 
are barely toucVd on^ were more clear- 
ly explained' Thofe Writings that con- 
tain much Matter exprejfed in few ^ Words ^ 
are indeed the moji agreeable to 'Mathe- 
inaticians^ hut not the moji ufeful to all 
that apply themfehes to thefe Sciences. 

This ^efe6i might be correSiedy and yet 
the Mathematicians have no caufe to 
complain^ if fuch Writings were illufira- 
ted with Commentaries^ which might be 
negle^ed by thofe that found they did not 
need them. 

Some of the chief Mathematicians of 
the preceding jgCy have not thought 
CartesV Geometry unworthy their Com^ 
ments. Neither is Sir Ifaac NewtonV 
Jrithmetic lefs deferring. It is there- 
fore to be wifhedy that among fo many 
eminent Mathematicians that now Hou- 
rifhi feme one or other may undertake it* 

And that we may engage Mathema- 
ticians to refleii on the Necejftty of fuch 
a Commentary^ we give this Specimens 
wherein we endeavour to illufirate two 
"Places^ which are far from being the moji 
difficult. 



( in) 





A Specimen of a Commen- 
tary on Sir Ifaac NewtonV Vni- 
verjal j4rithmetic. 

Page 42. 

Of the Invention of T}mfors. 

[O this may be referred the Inven- 
ton of Divifors by which any 

Quantity may be divided 

I. if it is a fimple Quantity^ divide it 
hy its leaji T)imfor^ and the ^otienthy 
its leafi Tyimfor^ and fo on tuf there re- 
mains an indivifihle Quotient ^ So you will 
have all the prime Tiimfors of this com-- 
found Quantity^ then multiply each two^ 
tbreey fouvj &c. of thefe Divifors toge* 
ther^ and you will have alfoallthe com* 
pound 7}ivifors. As if all the Divifors 
of 60 were required, divide it by 2, and 
the Quotient 30 by 2» and the Quotient 
15 by 3, and there wiD be an indivifible 
Quotient 5. Therefore the prime Divifors 
are i, 2, 2, 3, 5 ; thofe producM by the 
Multiplication of each two are 4^ 69 lo, 
15; thofe composM of three^ 12^ 20, ^o. 

K J and 
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and of all 60. Again^ if all the Divifdrs 
of the Quantity si^^^aredefirM, divide 
it by J, and the Quotient ^abb by 7, and 
the Quotient abb by a^ and the Quotient 
bb by b^ and there will be an indivifibie 
Quotient b ; therefore the prime Divifors 
are, I9 J; 7^ dyb^bj thofe compounded 
of each two of thefe, 21, j^a:, jA, 7^, 7^, 
^2&, iZ^. of three 21 a^ 21 J, j^^, gi^, 7i3f^, 
^bb^ abb\ of four 21^^, ii^/r, ^abb^ jabb^ 
of five 2i^Z^^. In the fame manner all theDi- 
vifors of 2abb — 6aacj are 1, 2, bb — ^aii^ 
2a J 2bb—^aCf abb-^jaacj 2abb--6aac. 

2. If the Q^antity^ after it is divided 
hy all its fimple ^imforsy remains^ Com^ 
founds and there is a Sf^fpicion.thaPithas^ 
a compound T>imfor^ order it according to. 
the i)imenfions of any Letter that is in 
it; and injiead of that Letter fubjiitute 
fuccejfwely three or more "terms qf this 
ArithmeticTrogreJftoHy j, 2^ 1,0, — i, — 2 \ 
ttnd place the Numbers refulting from 
fuch a Subjiitution with all their 7)im^ 
fors againji its correfpondent term in 
the ^rogrejjionj fuppojing the Signs of the 
5Dipifors to be as well Affirmative as Ne- 

fative. thin feek all the Arithmetic 
hogreffionsy that can be found amongfi 
theje T>ivifors^ proceedingfrom the high- 
tft terms to the lo^eft^ in the fame or-' 
der that the terms ^theTrogreJfton j, 2, 
1,0, — I y proceed; and the difference of the 
ProgreUions thus foughty mufi be either 

Unityp 
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tlnitjy or fome othev Number that divides 
the higk^M Tower of the Quantity pro- 
pofd: Wanyfucb TrogreJJion occurs ^ that 
\ferm ^ it in the fame row with o (f the 
firfi Trogreffmy divided by the difference 
(f the Tetrms^ and then annexed with its 
JSign to the Letter abovementio?^ d> is 
the compound l^imjfbr to be tried 

J. Aafuppofe the Quantity is x^ — xx 
— 10 ix? -f 6. Inftead of * I fubfkitute fuc- 
ceflively? the Terms of this Progreffion 
i, o,r=-i ; the Numbers by that means 
produc'd are — 4j 6—14, Which I place 
^th all their Di^ifors in the fame Row 
with tfheir cQfrefponding Terms of the 
Progreflldu, 1,0,— i in this manner. 



6X1,2,1,6, 
i4l^a,7, 14, 



•4 
■J 

■i 



Then b^qaufe the higheft Term x^ h 
divifible by no Number but Unity, I 
fe^k a ProgreOion among the Divifors, 
whofe Terms differ by Unity, and which 
alfo decreafes from above in the fame 
manner with the Terms of the Progreffion 
i, o-^i. I find bjut one Progreffion in 
that mani^er 4, ?, 2, whofe Tcijrn in the 
fame row with o of the firft Progreffion 
I , o— I , is 4- 3 . I therefore annex this to 
AT, and try theDiyifion by a;+?, which fuc- 
ceeds the Qji^tient , being. xx-^^x-\^2^ 

K4 4. Again 
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4. Again let the Quantity be 6y*— j>»— ; 
7,iy*^ +37 + 20 ; I fubftitute inftead of 
^2, 1, o, — I, — 2 fucceffively, and place 
the Numbers refulting jo, 7, 20, j, J4, 
with all their Divifors, in the fame Row 
with the Terms that producM them as 
follows. 



30 

7 
20 

3 
34 



1,7, 

1,1,4,5, 10, »o, 
1,3 ^ 
1,2, 17,34. 



4"io 
+ 7 
+ 4 

+ I 
+ a 



I can here find only this decreafing A- 
rlthmetic Progreflion + io,+ 7, + 4,+r, 
—2," the common difference J, divides the 
higheft Term of the Quantity 6y\ Where- 
fore I annex the Term 4- 4 (which ftands 
in the fame Row with o) divided by j, the 
difference of the Terms to^, and try the 
Divifionbyj4-'»; or, which is the fame, by 
3jjr-4-4, this Divifion fucceeds the Quotient, 
being2/— jjp'—jy-fS. 

5. And fo in the Quantity 24^2*— 50^?* 
-f-49^5— i4o<3*+64<z4-5o: the Operation 
will be as follows. 



2 


^42 


1.2.3.5.7. 14.21.42 


f+3+3+7 


I 


23 


1.2.3. 


+i~i+i 





30 


1, 2.3. y.tf. 10. 15-30. 


—1—5—5 


I 


2P7' 


1.3.9.11. 27.33. j?p. 297 


— 3— P— »i 



Here there are threeProgreffions,and their 

Terms— 1-^5— 5, dividemjy the common 

> - diffe- 
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difFerences 2.4.6, give the three Divifors, 
a—\^ tf— i, ^— 4. By trying, I find that 
only the laft fucceeds, the Quotient being 

Comment* 

6. In order to demonftrate that our Author*s 
Method ncceflarily difcovers a Divifor, as fup- 
^ofe 6a — 5, let us imagine it known. Now if 
in this . Divifor 6a — 5 we fubftitute any num- 
ber for /I, as 2 ; the number arifing from thence 
will divide the number produced by fubftituting 
the fame number 2 in the Quantity proposed ; 
for a may reprefent any number, and its Value 
is fupjpos'd to be the fame in the Quantity and 
in its Divifor. 

By fubftituting inftead of a in the Divifor 6a 
—5, the numbers 2.1.0— i. — 2. fucceffively, 
we fliall have an Arithmetic Progreffion, whofc 
Terms are Divifors of the Quantity proposed, 
fuppofing the fame Numbers, !• i. o. — !• — 2. 
to be put inftead of a. 

The difference of this Progreffion is tf, which 
difference muft be a Divifor of 24, or elfe 6a 
would not divide 24^^, which it is neceflary it 
fliould, if 6a — 5 divides the Quantity proposed; 
There muft be given therefore amongft the nu- 
meral Divifors, an Arithmetic ProgrelHon an- 
fwering to the Divifor 6a — 5, which muft have 
thofe Properties our Author requires. 

The Term — 5 anfwers to o, becaufe it is had 
when o is fubftituted for a. 

7. This Demonftration may be applied to each 
of the Divifors of the Quantity proposed, and 
confequently all are difcover'd by this Method, 
becaufe each has a correfponding Progreffion. 

But 



1 j8 Comment on Sir I. Newton^s 
But as it is not certain that no Prc^eflionscan be 
difcovcrM, but thofe that belong to each Divifori 
thereforb he advifes you to try each» and £pe if 
it divides the (^antity propos d. 

He Proceeds. 

8. If no Divifor can be got this way^ 
or none that divides the Quantity prd- 
pos'd, we may conclude it has no Divifor 
of one Dimenfion. But it may perhaps 
have one of two Dirhenfions, if it is it- 
felf of more than three ; and if fo, that 
Ditrifor may be fought in this manner^ 
Tn that ^antity^ infiead of the Letter^ 
fubjiitute^ as before^ four or more Terms of 
this Trogreffion j, 2^ i, o. — 1.— 2.— j. and 
add ana fubjiratl the T>mfors of all the 
rcfulting KuviberS'^to and from the Squares 
of the correfpcnding Terms of the ^ro- 
greffton, multiplied into fofiie numeral 2>/- 
mfor of the ^antity propos^ d^ and place 
. the Sunt sand T>ijferences in a Rowwitb 
that Term of the Trogrejfton\ then col- 
letl all the collateral Trogrefflons that 
run tbroiigh thofe Sums and'ijijferences. 
Let j^Cbe that Term of one of thofe Tro^ 
greffions thatjiands oppofite to o (f the 
firfi Trogreffhnj 4. B the difference found 
by fuhftralciing Ijl C from its next fupe- 
riour Term that fiands againft i of the 
jfirfi Trogrejfton^ A the f{forefaid numeral 
divifor S the higheji Termy and I thehet^^ 

ter 
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ier in the Quantity proposed s then A //+ 
B/ -^Cl is the T>ivifor to be tried. 

9. As if the Quantity proposM was x^— 
ic^ — 55c:c+ I2X— 6; for x I write fucceflive- 
ly J, 2, I. o.— I.— 2, and fet the Numbers 
produc'd by that means 39. 6. 1—6— 21 
-**-26, together with all their Divifors in 
order, and add and fubflrad the Divifors to 
and from the Squares of the correfpond- 
ing Terms of the Progreffion multiplied 
into a numeral Divifor of the higheft Term 
ic^ which is Unity ; that is, to and from 
o. 4. 1, o. I. 4; and place the Sums and Dif- 
tcrences in the fame row* Then I colled 
all the Progre/Iions that can be formM out 
of them as follows. 



?9 


1.5.T3.39 


9 


6 


1.2. 3. 6 


4 


I 


I. 


1 


^ 


i.t. 3. 6 


6 


21 


1.3. 7'»i 


1 


z6 


I.2.I3.26 


4 



—30.— 4.5.8.10.11.22.48. 


— 4« 6^ 


— 2.I.2.3.5.6.7.IO. 


—2. 3. 


O. 2. 


O. Ob 


•. dt— 3.^— 2,— I.I.2.3.(J. 


2.-3. 


—20.— ^.—2.0.2.4.8.22. 


4.— 6» 


—22.-9.2.3.5.6.1 7. JO. 


6.— ?• 



The Terms 2 and — j of this Progrefliod 
which (land oppofite to o in the firft Pro- 
greilion, I take fucceffively for ^1 C, and 
the difference of thefe and the iferms 0- 
ver them o, o, which is —2 and + ?, I 
take for ^ B, Unity for A, and x for /; 
and fo inftead of A//+ B / + C, I have 
two Divifors to be tried xx -f- 2 a:~2, and' 
xx-^ J X'\-'i ; either of which fucceeds. 



10, 
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lo. Again, for the Quantity pf—.6y*-\- 
y—Syy — lAT-f 14, the Operation will be 
as follows 5 firft, I attempt the thing by 
adding and fubftrafting the Divifors to 
and from the Squares of the Progreflion 
«, 1,0, I, taking i for A, but it does not 
fucceed ; wherefore for A, I take j, ano- 
ther numeral Divifor of the highett Power 



v: 



and then I add and fubftraS the Di- 



vifors to and from thofe Squares multi- 
plied by 5, that is, to and from 12. |.o. j. 
and I find there are, 



3 


170 




27 




—7* 17 


2, 


38 


1.1.1 9-}8. 


u 


— 2^.-71.0.11.15. 14.j1.50. 


—7. II 


I 


10 


1.2. 5.10. 


3 


— 7."— 2. 1.2. 4. 5. 8. 15. 


"*"^7* 5 





14 


i.x. 7-I4- 





14. — 7.-2. — 1.1.2.7.14. 


— 7. — I 


— 1 


10 


1.2. 5.10. 


3 


— 7 —2. 1. 2. 4. 5.8. 13. 


— 7«"~* 7 


—a 


190 




\z 


. 


— 7* — ^5 



Thefe two Progrcffions amongft the re- 
fulting Terms, —7.— 7.— 7.— 7. and 11.5. 
1. — 7. for Expedition 1 negled the Di- 
vifors of the Extreams 1 70 and 190; where- 
fore continuing the ProgrelRons, I take 
the Terms anfwering to them, viz- — 7 and 
17 above, and— 7, and — ij below, and try 
if thofe fttbiduded from 27 and 12 in the 
fourth Column leave a difference that will 
divide 170 and 190 ; and I find the diffe- 
rence betwixt 27 and — 7,that is ^4,divides 
170, and 19 the difference betwixt 13 and 
—7 divides 190^ alfo the difference be* 
twixt 27 and 17, viz. 10 divides 170, but 
25 the difFereuce of la and — i? does not 

di- 
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divide 190, wherefore I rejeft this laft Pro- 
greffion. Now in the firlt + C is — 7, and 
ip B nothing, the Terms of the Progref- 
fion having no difference; wherefore the 
Divifor to be tried A//+ B/4- C will be 
^yy -^ ^7^ by which the Divifion fucceeds^ 
the Quotient being ^5— 2jy;— 2j+ 2. 

Comment. 

The Demonftration of this Method differs very 
little from the Demonftration of the forgoing one. 

II. In the firft Example (p) let xx — jx+j 
be the Divifor of the Quantity proposed x"*— x' 
— 5 XX -f- 1 2 x~ 5. 

If this Divifor is fubftrafted from the Square- 
of XX, the Remainder is + 3 ^c — 3; if in this 
Quantity we fubftitute fucceffively 2, 1,0. — i. — 2. 
for X, we fliall have an Arithmetic Progreffion 
whofe difference in afcendingis -f"3> and which 
when o isfubftituted,is — 3, from which Progref- 
fion the Divifor may be coUefted by the Rules of 
our Author. 

Now fubftituting any Term of that Prc^ref- 
fion, fuppofe 2, in the given Quantity, there will 
be among the Divifors'of the Number produced 
by fuch a Subfldtution, a Number that will be 
found by putting 2 inftead of x in the Divifor xx 
^t3^+3> and lubtrafting all the Divifors from 
the Square of the Number fubftituted, viz,. 4, 
there muft be neceffarily found amonjgft the Dif- 
ferences fo produced, that Term 01 the above- 
mentioned Progreffion, that anfwers to the Num- 
ber 2. 

From hence it follows, that this Progreffion viriU 
neceilarilybe fouild amongft thofe Numbers^ that 

the 
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the Author has fought it in, and that every Di-^ 
vifor will give a like Progreflion. 

Our Author does not only fubftraft the nu- 
meral Divifors from the Squares of the fubftitu-r 
ted Numbers; but he alfo adds them together, 
becaufe this Addition is the Subftra(Siion of a 
negative Divifor. 

Before the Addition or SubftraSion of the 
Divifors, the Author multiplies the Square of the 
Number fubftituted by one of the numeral DIt 
vifors of the higheft Term, as in the fecond Ex- 
ample by 3; the reafon of which Operation will 
bemanileft, if we apply the laft Dcmonftration to 
the Divifor in the fecond Example, lyy + 7. 

HeProceeds. 

12. If no Divifor that fucceeds can be 
found i)y thefe means, we may conclude 
that the Quantity proposM does not ad- 
mit of a Divifor of two Dimenfions. The 
fame method may be extended to the find- 
ing Divifors of more Dimenfions, by feeking 
in the aforefaid Sams or Differences, not 
Arithmetic Progreflions, but fuch whofe 
iirft, fecond or third Differences, are in A- 
rithmetic Progreffion: but the Learner 
need not be detained with this. 

Comment. 

. 13.* It is not enough to dtfcover fuch Progref- 
Cons, For it does not To eafily appear howDivifors. 
can be form'd Irom fuch Progreffions. And btr 
fides, Divifors of three Dimenfions may be dif-f 
covered by Arithmetic Progreffions only- 
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14. Let the Quantity to wlii<;h we want Di- 
Vifors of three Dimenfioni be 

x^-^r iix^ +4v>f 4-45C+3 

I form the firft Column of nin^ or ten Term^ 
of this Arithipetic trogteffion. 

4. 3. 2. 1, o.— *i.*— 2.T— 3.— 4* 

In the fecond, I ftt doWn all (he Numbers a- 
nfiog from the Subilitlutioii of each of thefe in 
fhe Quantity proposed. 

The third Contain* the Diviibrs of the Num-? 
bers in the fecond Colbcfin; ail this is done the 
iame in Diviibrs df whbt^vtfr Ditienfions. 

The fourth G)Iumn Is fohn'd «f the Cubes of 
the refpe£tive Nunfibers in the firA, tnultiplied by 
fome numeral Divilbr of the higheft Term of the 
Quantity propois'd with any ni^er ; that in the 
third Column ftands opposite to 03 added to^ or 
fubftradted from them. 

Ex.gr.l multiply the Cubes ^4. 27. 8. i. c— i; 
^8.— 27.— (J4. by one, the only numeral Divifor 
of the higheft Term jf^^and to the Produfts add, 
or fubftrafl from them, either i or 3, wiiich ftands 
in the third Column oppofite to o, I here add 3, 
^nd they become 6T. 30. 11.4.3.2.' — 5.-24. — 61. 
In the £ime manner thefe three other Columns 
may be formed. 

4i. 24. 5. — a — J*^4:— II— 30 — ^7 
I5j. 28.9. % 1 o — 7— 2^ — 53 

Pi. 25.7. o ^i sr^Tr >~ 28—^5 



:'< 
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To each of thefe four feparate Columns, there 
muftbc the fame Operation, applied, that we 
are Uow going to apply to the tirft of them. 

I add to, and fubftrad from each Number 
in the fourth Column, the correfponding Divi- 
fors in the third Column, and fet down the 
Sums or Differences (divided by the refpeftive 
Numbers in the firfi Column) in the fifth Column, 
I write no Number in the fifth Column op- 
pofite to o j but conceive all Numbers Pofitive and 
Negative to be there. 

It will be fufficient to make ufe of only four 
or five of the leffer Numbers of the fecond 
Column, in order to form the third and fifth 
Columns, leaving the Places of the reft vacant^ 
as in our Example. 

I now run over the Numbers of the fifth 
Column, to fee what Arithmetic ProgreiBon I 
can form out of them, and I difcover f^e^ which 
I fet down in the 6*^ Column : (I have here only 
fet down three.) I then examine whether they 
can be continued upwards and downwards^ by 
trying whether their Terms would have been 
found in their correfponding Lines of the fifth 
Column, if they had been continued, by which 
we avoid the long Computation that would have 
been neceflary to continue the fifth Column. 

15. Thefe Trials are only the reverie of thofe 
Operations that the fifth Column was formM by. 
If the ProgreflSon difcover'd — a — 4 — 6 — 8, 
is continued down, the Term of it that anfwers 
to — 3 in the firft Column, i$ — 10, which 
Number ought to be in the fifth Column, that 
the Progreffion may be continued j but if this is 
in the fifth Column, then if it is multiplied by 
~3, and the Produft 30 fubftrafted from its 
correfponding Term in the fourth Column, its 
I. Re- 
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Remainder will be fome Number in tte 3** 
Column, that is^ fome Divifor of the correfpond- 
ing Number in the fecond. Therefore if 6 ex- 
tCdly divides 432, the Progreffion goes on ; but 
if not, it is interrupted ; and is therefore to b6 
rejedled. 

It is fufficient to try this Continuation in a 
few Terms, for othcrwife the Operations would 
take up more time than the determining a Di- 
vifor from the Progreffion, and trying it ; for 
every Progreffion gives a Divifoi to be tried. 

By trying their Continuation in this manner, 
all but the nrft Progreffion is interrupted ; and 
therefore this alone is to be made ufe of. 

16. By the help of this Progreffion, and the 
following Rules, I form the Divifor to be tried* 

i^'. I multiply x' by the Divifor of the firft 
Term of the Quantity proposed, by which I 
multiplied the Cubes of the Numbers of the 
firft (Jolumn, in order to form the founh. This 
Divifor, in our Example, is i^ and the Produ^l 
x' is the firft Term of the Divifor. 

^ndiy^ The difference of the Progreffion in 
iafcending, is +2; 1 change its Sign, and —2 x* 
is the fecond Term of the Divifor. 

3^^y, The Term of the Progreffion oppofite to 

in the firft Column, is —45 I change its Sign, 
and +4* is the third Term of the Divifor, 

4'***^ Laftly in forming the fourth Column, 

1 added 3 to the Cubes of the firft Numbers, 
and +•? is the laft Term of the Divifor. 

The Kvifor to be tried is therefore 

And trying it, I find it fucceeds. 

You muft obferve, that in the firft and laft 
Terms, the Signs are kept, and chang*d In the 
middle TermSf 
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Demonstration: 

17. The liemonltration of this KTethod has' 
the fame Foundation with the preceding one. 

By fubftituting^ny Number, fuppofe 2, in the 
Divifor of the Quantity proposed, as in x^ 
— 2xx4-4^+3> inftead of x there will be had 
A Mumber which exadlly divides the !|Sf umber 
produced, by fubffituting the fame Kurtlber 2 in 
the Quantity proposed. Such a Divifor will there- 
fore be found in the 3'* Column, anfwering to 
the Number fubffituted in the firft. 

The firft Term of the Divifor^ (it being of 
three Dimenfions) is x' multiplied by fome nu- 
meral Divifor of the firft Term of the Quantity 
given. , , 

The laft Term of the Divifor, is the Divifor 
of the laft Term of thq Quantity propos'd,i 
which is therefore to be found in the 3^ Column 
oppofite to o in the firft, if we fuppofe that 
negative Numbers may form this Column as 
yrellas affirmative ones. 

Whence we may conclude, that the fourth 
Column contains the Sum of the firft and laft. 
Terms of the Divifor, when the correfponding 
Number in the fir|l Column ftands for x. 

So our fourth Column is form*d by fuch a 
Subftitution in x*+ i • 

And there can be no Divifor, whofe firft 
Term and laft together, does not form fome 
fourth Column, theNumber of^A^hich is fpme- 
times fo great, that it make^ the Method ufe-« 
lefe, for there are 19 a if the firft Term of the ' 
Quantity proposM is multiplied by 24, and the 
laft T^rm is 60. 

If from this Sum x^+3 wafubftraft the Di-» - 
vifor it felf x' — axx+4x+3. there remains the 

L % fecond 
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feccHid and third Terms, with their Signs 
changed ixx — ^4*, and dividing it by x, the (^o- 
ticnt is IX — ^ Now from the Formation ofthe 
fifth Column, it is evident it muft contain 2x^—4, 
fuppofins the correfpondent Number in the firft 
Column lubftituted inftead of x. 

It is alfo evident, that by a fuccefllve Subfti* 
tution of the Numbers in the firft Column for 
X ; this Quantity ix — ^4, will form an arith- 
metic Progreflion, whofe difference is 1, and 
the Numwr oppofite to o in the firft Column is 
^^4. It is alfo plain, that there can be no Divifor 
of the Quantity proposM, but what in fome 
fixth Column (of which every fourth will have 
one) will have an arithmetic Progreifion by which 
the Divifor is difcoverM. 

For the fourth which we make u£e o^ gives 
the Sum of the firft and laft Terms, and the 
arithmetic Progreifion difcovers the two others. 

He Proceeds. 

18. When in the 2yantitv proposdj 
there are two Liettersj and all the Therms 
rife to thefameNumher qfTiimenfionsyput 
Unity for one of thofe Letters ; then by 
the preceding Rules feek the Tiimforf 
and JUlup the deficient ^imenfions of 
this l^ivifor by rejloriug that Letter for 
Unity. 

As if the Quantity was 6j* ^£^» —21 
£cvy + lc\y+ 20 c^ where every Term is 
of four Dimenfions; I put i for Cy and it 
becomes d;*— / — ^ijy+^y-^-zoj whofc 
Divifor is 3[/+4i ^nd compieatiog the 

de* • 
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deficicqt Dimenfion of the laft Term by 
the Dimcnfion of c, it becomes y + 4^» 
which is the Divifor fought. So if the 
Quantity is x* — hx*'—^bbxx-{-i2bx —6b* t 
putting I for bt and finding the Divifor 
of the remaining Quantity x* — x^ — %xx 
4pI2x— ^, which is «*+2«— 2j Icom- 
pleat its deficient Dimenfions by the Di< 
vifions of bf and fo I have the Divifor 

fought, XX 4- 2b»—2bjf, 

C O M 11 E N t^ 

19. Ic is is eiddent that the Quantity h n\ijft 
be in the Divifor, and that it is only wanted 
where the Dimenfions are deficient; confe- 
quently this Mcants ng farther Demonftrati<»i. 

He Proc be d s. 

20. When in the Quantity proposed, 
th^ereafe three or more Letters, and all 
its Terms have, the fame Number of 
Dimenfions, the Divifor may be found. 
by the pi'ecieding Rules. ' 

C' O M M B N T. 

k will be e^ndent by an Example, how. we 
muft proceed, when there are three Letters in 
4)e (^lantity proposed. 

21. Let the Quantity be^ 

X ax' — loax* — a<Ja<»x*+a4<»'**-«-44'^x4- 1 »«** 

+ tf^^x*— 8a*»x»— iafl*»x— ia*» 
— a4*V+i8**x ' 

L3 \i 
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\^\ For a and *, I fubftitute Unity, and 
the (^lantity proposed is changed into this, 

Whofc Divifbr of two Pimeafions I diicover 
to be 

4XX— 'X~4. 

j^ndiy^ For a I fubftitute o, and Unity for *; 
and then the Quantity is chang'd into tins, 

I2x' — px^ + dx* — 24xx4- i8x — la. 

Whofe Divifor of two Dimenfions is 

4XX — jx + ^* 

3^*^ For a I fuljftitme i, aaid q for *, and 
I have 

I a x^ — j^ox* — 26^^ + a4xx. 

Which I divide by xx, and it becomes 

I2X^ — jopc* — 2/5X+ ^4* 

Whofe Divifor of two Dimenfions I find to be 
'4VX + 2X— ^(J. 

This is l^iad by finding a Divifor of one Di- 
menfion 3X— 4, and dividing by it the Produft is 
4vx+ix — 6. 

Thefe three Divifors are the fame Divifor 
fought. 

4XX — X — 4. 
4XX — 3x4" *• 
4XX + zx — 5. 

And therefore that Term in which x or its 
Powers are alone, is found in each of them, that 
is 

4XX. 

la 
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Id the fecond Divifbr^ all the Terms are de- 
ficient in which a is given, and all with b a|onc^ 
or h and x together, will be bad by compleat- 
ing the Dimenfions of ^; thefe Terms therefore 
are, 

— 3^x4-2^. 

In the fame manner the third Divifor gives 
the Terms^ that h,ave ^, or a and x in them. 

The Ter^i of the Divifor that has ^ in it, is 
difcoverM by collefting into one Sum the lafk^ 
Terms -^ 2^ — 6 of the fecond and third Di vi- 
gors; which Sum We fubflTa£l:,from the laft Termi 
—4 of the firft Divifor, and multiply ab by the 
Reroiainder, keeping its Sign, in this E^^amplethe 
Remainder is o^ w:hicb fliows that Term not ta 
b6 in this Divifor. , 

The reafon of this laft O{>eration, is, that in 
the firft Divifor —-4, Ihows how often aa, bb 
and ab^ are found together in the Divifor fought^ 
becaufe a and b are reprefented. by Unity; + i ; 
Ijbows tiow often W, and — 6 how often aa is 
contained in the fame Kvifor; therefore fub- 
ftra£iing +2 — 6 from — ^4, we have the Num-* 
ber of tf^. 

' Collcding now all the Quantities difcovered 
intQ cfne Sum, we have the Divifor fought, 

4XX — ?foc 4- ^hbf 
' + 2^x — 6aa* 

%i. When various Divifors are difcover*d in 
each Subftitution, they only are to be comparU 
together that have the fame firft Term, as is 
y^ evident. 

L 4 But 
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But if there are many found in eadi Subftitu- 
tion, that have the fame firft Term, the Opera- 
' tion will be very uncertain. 

This fameMethod maybe applied to four, fivC| 
or more Letters. 

23. As for Example, let the Letters be a^ *, 
€^d^c, there muft be ten Subftitutions made, and 
that Letter alone muft be left untouched, accord- 
inigto whofe Dimenfions the Quantity is order- 
ed i let this be a, the Subftitutions then will be 

I. 

2. 
3- 
4* 
5- 
6. 

7- 

8. 

9- 

10, 

Thefe ten Subftitutions produce as many dif- 
ferent Quantities, whofe Divifors are to be 
fought j and thence the fame Divifor will be 
difcoverM ten times, and then by comparing 
them together you will find the true one. 

24. If the Quantity proposed has many Di- 
vifors with the lame firft Term, then it is to be 
ordered according to fome other Letter. 

He Proceeds* 

2^. But the Divifor will bcdifcovered 
more expeditioufly in this manner. 

Seek all the Dwifors qf tbofe Terms 
in which a certain Letter is not founds 

and 



b=l. 


& t— ^=^=0. 


C=l. 


& b=:d=e=o. 


d=l. 


& b=c=e=^o. 


e=i. 


&^=c=^==^o. 


b^ 


=i.Scd=e=o. 


i=d 


=i.8cc—e—o. 


b=e 


=i.&c=i=o. 


c=d 


=i.&*==^=o. 


c=e 


=i.&A=<i=o. 


d=e 


=!.& b=c=o. 
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and then the Tiimfors cf all thofe Therms 
in which fome other Letter is notfound\ 
and fo in like manner the '^viforjt of 
thofe iLerms in which the thirds fourth 
and fifth Letters are not founds if there 
are fo many Letters^ and run through all 
the Letters in this manner \ then op^ 
pofite to each Letter^ place the refpeBi^e 
T^imfors ; and fee if in any Series of 2)/- 
viforsj running through all the Letters^ 
thofe parts that inmhe only one Let* 
ter^ are repeated as many times as the 
number of Letters^ lefs by one in the 
^antity proposed: And the parts in- 
poking two^ as many times repeated as 
the Number of Letters^ lefs by twOj &c. 
If fo^ all thofe parts once taken with 
their refpetii^e Signs^ will be the Dim- 
for fought. 

As It the Quantity proposM is, i2a:« 
—14 hxx + ()cxx — 12 hlx — 6hcx + %ccx 
-hBh^ — 12 hhc'-^hcc + 6c'. The Di. 
vifors of one Dimcnfionof the Terms 8i» 
^--12 bbc — ^bcc-i-^c'^ in which a? is not, 
win be found by the former Rules to be 
2b — j^, and 4 J — 6^, the Terms 12^* 
+9 cxx + 8 ccx 4; 6c' y in which b is not, 
have only one Divifor, 4^? + 3 ^ ; and the 
Divifors of i%x' — 14 Ja:* — itbbx-^ 8i», 
where c is not, are 2 «— J, 4 at — 2 b. f 
place thefe Divifors in a Row, with the 
Letters x, b^ Cf as foHows^ 
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X 2h — ^c* 4^ — 6p. 
h 4Ar -f jr. 
c 7pg — 1&. 4^ — zk 

Now as there are three Letters, and 
each part of all the Divifors involves bac 
one Letter, thofe parts ought to be twice 
repeated in the Series of the Divifors ; 
but the parts ^h^ Cc^ 2:^ j hot the Di- 
vifors 4 b — 6c J and 2x — h occur but 
once ; that is, are found no where but in 
that Divifor they area part of: wherefore 
I negled thofe Divifors. There remain, 
then only three Divifors,^ h — j r, 4^+?^' 
and 4 ;v--r 2 i ; thefe three go through all 
the Letters, and each of their Parts ahy 
IC9 49Cy is twice repeated i^ them as it^ 
ought, and with the fame Signs too, if. 
the Signs of the pivifor 2> — ^c is chang- 
ed, and turn'd into — 2^-|rJ^> for the 
Sigiis of ev.ery pivifor may be chang'd. 
I take ther^orje all the Parts of thefe" 
a^~jr, 4a? with their Signs, and the^ 
Sum 2^4-?^ + 4^> ^iU be the Divifor.^ 
fought. For if you divide the Quantity 
f^opos'd by it, there will come out jata^— 
%hpc'\-2cc — ^Ih. 

Again, if the Quantity is 12 x^ — io^»?* 
— 9 bx^ — 26 aax^ + ^^ ^^^ + ^^^^^ + 
24 a^xx — %aahxx — Saihxx — 24 b^xx — 
^a^lx-^ 6aabbx — 12 ab^x + 18 b^x + 
12 a^b'\- 22 aal^ — 12 i^ I place the 
Divifors of thofe Terms, in which x is 

not 
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not oppofite to x^ the Divifors of thofe 
without a oppofite to a^ and thofe of the 
Terms without l^ oppofite to l?y as here, 

b, 2*, 4*, aa -|- 3 bhy 2aa + 6hlfy ^aa -f- 1 2 W, 
ib — 3^/1, zbb'^ 6aaj j^bb--^ I2aa, 
M 4XX — ^bx + ibby 12 XX — p^x + tf^^, 
b X, 2X, 3 X, 4^, (f X' — 8/3f, 3 XV — 4«x, 5x*. 
8 tfx, 2 ^x+ flx,3 aa^ 4xx + a ax^ 6aa. 

Now I fee that all of one dimenfion 
muft be rejeded, becaufe the fimple ones 
h uly 4^9 X 2x, and the parts of the Com- 
pound ones ^x — ^ay6x — 8^, occur but 
once in all the Divifors ; but there are 
three in the Quantity proposed, and thofe 
parts involve only one Letter, therefore 
they ought to be found twice. In like 
manner I rejeft the Divifors aa + i IK 
2aa -^6hhj^aa'\' 12 hhj hh — j aa^ and 
^hh — i2i^^ of two Dimenfions, becaufe 
their parts aa^ 2 aa^ ^aa^ hb^ and 4 bb^ in- 
volving only one Letter, are found only 
once ; but the parts of the Divifor 2II — 
6aaj which only remains in the Row with 
AT, which alfo involve one Letter, are found 
again ; that is, the part 2 bb in the Divifor 
4 ATAT — J> ^a; + 2bb^ and the part 6 aa ia 
the Divilor ^xx'^2 ax — 6aa : And thefe 
three Divifors ftand oppofite to the three 
Letters x^ a^ ^, and all their parts, 2 bb^ 
6aa^\xxj which involve only one Letter, 
are found twice iq them under their proper 

Signs; 
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Signs \ but the parts ^ hx^ 2 axj which 
involve two Letters, occur only once. 
Wherefore the different Parts 2hby 6aaf 
/^xxj ^hxj 2^^of thofe Divifors, con- 
ne^ed under their proper Signs, noakes 
the Divifor defired 2,lb-^6 aa -^^xx — 
^hx+2ax. I therefore divide the Quan-r 
tity proposM by it, and there arifes ix^ n^ 
j^axx — 2 aah — 6 ^». 

COMMENTAKT, 

The Dcmonftration of this Method is veryj 
cafy. 

26. Let the Divifor of the Quantity propos'd^ 
be 

4 XX — 3 ^x + 2 ^^. 
+ 2 tf X — 6aa. 

The Author fubfticues o fucceffiv^ely for each. 
Letter, rejefting every Quantity which has that 
Letter in it, both in the Divifor and Dividend, 
by which nneans the remaining Divifor divides 
the remaining Dividend as before. 

This Divifor, taking away x, becomes 

a W — 6aa. 

which divides the Quantity proposed, when x it 
taken out of it, that is, the Divifor of that part 
of the Quantity proposed, that has not a in it. 
Taking away *, the Divifor is 

4xx-f-2^x — 6aa. 
Taking away a, it is 

4 XX — 3 ^x + 2 i^. 

Which 
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Which Divifors muft be neceffarily found a- 
mongft thofe Divilors that the Author makes ufe 
of ^ 

It IS alfo evident, that there are as many Di- 
vifors as Letters, that is, the fame Divifor fo 
often repeated. 

In which repetition the Quantities that con- 
tain only one Letter, will be neceffarily in all j 
but where o is put for that Letter, the Quan- 
tities that contain two Letters, will be found e- 
very where, but in thofe two where o is put for 
thofe Letters. 

Whence it is manifeft, that the Author difco- 
vers by his method, all the Terms of the Di- 
vifors fought. 

ap. If there are many Divifors of the fame 
DimenlSons, the Series of the Divifors that are 
run through, arc to be feparaced, and each will 
give one Divifor. 

What remains of the Author relating to this 
Affair is here added, but it does not need a Com- 
mentary. 

HeProcbeds. 

JO. If all the Terms of anj Quantity 
are not equally higby the deficient T>i^ 
menfiom are to be filled up by the T)i' 
menfions of any ajjum^d Letter ^ and then 
when the T>ivifor is founds that Letter 
is to be blotted out in both* As if the Quan- 
tity was 13 ;v' — 14 hxx -f- 9 xx — 12 hlx 
— . 6 *a? 4. 8 V + 8A5 — 1:1 hh —4^ -f. 6, 
alTume any Letter, as c^ and cooipleat the 
Dimenfions of the proposed Quantity with 
it in this manner ; 12 ^^ — 14 ^a* \<)cxx 

— 12 
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— i2bbx — 6 hex + 8 cca: + 8 Z' — i2bhc 
— ^Icc rf- 6 c5;then finding the Divifor of 
this 4 a: — 2b + iCr take away c^ and 
there will be the Divifor defirM 4 at — 2 ^ 
+ r. 

J I. Sometimes Divifors are more eafi- 
ly difcovcrM than by thefeRules; as if fome 
Letter in the Quantity proposM is only of 
oneDimenfion, then you muftfeek the com- 
mon Divifor of thofe Terms that have thac 
Letter, and thofe that have not, for that 
common Divifor divides the whole; and if 
there is no common Divifor of this fort, 
then there will be no Divifor of the whole: 
as if there was proposM the Quantity x^ — 
^ax^ — 8 aaxx -f- 18 a^x + cx^ — acxx*^ 
Saacx -^Sa^ c — 8 ^^, let there be fought 
the common Divifor of the Terms -f- cx^ 

— acxx — 8 aacx -{-Sa^cy i^ which c is 
only of one Dimenfion, and of the re- 
maining Terms x"^—^ ax^ — Saaxx -f- 
iS a^x — 8 a^y and that Divifor xx + 
2 ax — 2 aa divides the whole Qjnantity. 



Sir 
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iJir I S A A C N E W T O N*S 

Universal Arithmetic, 

Page 59. 

ARuLE forExtractinc thbhiohkb. 
Roots o* numeral Quantitbsop 
TWO Parts commensurable- in 
Power. 

Let the Quantity be A + B^its greateji 
part A, the Index tf the Root to he ex- 
tratiedc ; feek the le aft Number «, whofe 
Tower tf^ can he divided hy A* — B*, 
without, a Remainder', and let the ^to- 

tient be Qj compute /A -|- BxyQ.'^ fbe 
neareft integer Numbers^ and fuppofe it r, 
divideAy/^yitsgreateJirationalDi'Diforj 

let the J^uote he s, and take \j_2Jn the 
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neareft integer Numbers he t, and 
ts -{-Vttss — « will he the Root fought y 

^^ ^ 

if the Root can be extratied. 

} 3. As if the Cube Root was to 
be extrafted from V 9^8 + 25, A A — BB, 
win be J43 its Divifors 7,7, 7 ; theref ore 

» = 7, andQ,= i. Again, A + B X V Q. 
or V968 +2$ (extrafting the firfl; part of 
the Root) is a little more than 56 its 
Cube Root in the neareft Numbers is 4, 

there* 
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therefore r = 4, alfo A V Q. or ^968, ex- 
trading all that is rational, become 
22 -y/ 2 ; therefore its radical Part V2 is 

s and y + JT or -iy-in the neareft integer 

Numbers is 2, confequently ? = 2. Laft- 

ly, ts is ^^2. y/ttss—n is i, and V Q. 

or-v/i is I, therefore 2 V 2 + I, is the 
Root fought, if the Root can be extrac- 
ted. I try therefore by Multiplication, 
if the Cube of 2^2 + » is V968 + 25, 
and I find it fucceeds. 

?4. Again, if the Cube Root was to 
be cxtraded of 68— V4J74» AA — BB 
will be 250, whofe Divifors are 5, 5, 5,2; 
therefore « = 5 X 2 = 10, and Q.= 4, and 

V A + B X V Q. or V 68-f-V4n4 X 2» js 
in the neareft integer Numbers, 7= r;al 
fo AVQ.» or <58v'4> extraSmg the 
rational part, becomes 136 -y/i; there- 
fore j = i and ^±1 or Lif » in the 
neareft integer Numbers 4 = t : therefore 
fj = 4Vfm— «=V6 and VQ.= v'4 
or V 2 ; and therefore the Root to be 

tried IS ' ^ — 

V 2 
a 5. Again, if the Quadrato-Cubic of 
the fifth Root was to be extrafted from 
' 29 
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29V6+4iV?thenAA — BB=3,and there- 
fore « = J, Q=8i, r = 5, J = V6, t = i, 

ts=^/6i Vttss-^4 =VSi & ^0.= 

V'Si or V9, and therefore the Root to be 

V9 

^6. But if in thefe Operations the Quan- 
tity is a Fraftion, qr if its Parts have a com- 
mon Divifor, extraft feparately the Roots 
of the Denominator and of the Faftors : 
As if the Cube Root was to be extraded 
from ^242 — i2t, this by reducing its 
Parts to a common Denominator becomes 

^-^ — — ^ ; then extraft feparately the 

Cube Roots of the Numerator and Deno- 

minator, and there arifes — i . 

^7. Again, if any Root was to be ex- 

traded from V5993 + ^17578125, di- 
vide its Parts by their common Divifor, 

Vj, and it becomes n + Vi2$ ; whence 

the Qiiantity prop osM is equivalent to -y/j 
into II -f- \/i2$, whofe Root is found by 
cxtrafting feparately the Roots of botji 

the Faftors V j & 11+ V125. 

M Com- 
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Comment. 

This Method 15 eafier in Praftice than rfiofe 
we find in other Authors, and more univerfal 
than what Francis Van Schooten has given, for exr- 
trading the Roots of Binon^ials, and which he 
has demonftratcd as to the Cube Root, in his 
Commentary on Des Cartes^s Geometry. 

But this Method of Sir Jfaac Newton's needs 
another Demonftration, fince Schooten's can only 
be applied to one part of it, 

L £ M M A I. ^ 

3 8. If the Binomial a + b // raised to anj Power 
whofe Index is c, and if the Terms of this Power 
alternately taken^ as the i''^ ^\ j^**, 7^**, &c. are 
colleBed into one Sum^ and fo the whole Power divi^ 
ded into two Parts, the Difference tf the Squares of 

^^ c 

the Parts will be aa — ^bb» 

This will be manifeft by the Analogy of the 
Operations, and it would therefore be unne- 
ceffary to detain you with feeking a long univcrr 
fal Demonftration. 

The Square of the Root ^ + ^ is 
aa^ lab ^bb^ 

and the Parts are 

. aa-^- bb 
+ 2ab 
The Difference of their Squares is the Square 
of the Root ad-^ bb. 
The Parts of the Cube of /z + ^ are 

^* + ^abb 
+ za'b + b\ 

The 
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The Difference of their Squares is the Cube of 

the Root aa -^bb. 

This will appear by performing the Opera- 
tions, and he that will continue them to the 
higher Powers, will^ eafily perceive that the 
Pxopofition muft neceftarily hold goo4 in all. 

L B M M A 2. 

39. ijT a and b are fwo Numbers, of which a is 
the gr(ateft^ and the Binomial \/ a + \^b ts raifed 
to the Power c, and this is an odd Number ; this 
Power will be a Binomial, one of whofe Members is 
multiplied by /a and the other by /b ; and thefe two 
Members will be the Parts mentioned in Lem. i. 
of which {hat is the greatefl which' is multiplied by 
V<a. 

Xs c is an odd Number, c— i is even, and 
may be diyided into two Parts : I put therefore 
2;i=c — I. 

Now if wjs raife the Pinomial given to any 
Power whofe Index is the odd Number r, we 
ihall fee that thefe Terms, neglefting their Signs 
and Coefficients, will be 

aWa, aWh ^"^'V^, a^'-'b^b, a'^-^bWa, 
a'^'^by/h, &c. . . 

And coUefting into one Sum the i, 5, y, &c. 
Terms, wefhali hav,e a rational Numlper. multi- 
plied by ^a ,* and the Sum of the 2, 4, 6, &c. 
Terms is a rational Number multiplied by f/b. 

And if we try this in any given Power, we 
Ihall fee that thefe Sums confift of correfponding 
Terms, which only differ in this, that where a 
is in the one, b is found in the other; wherefore 
ajS a is greateft, that Term which has a in it 
M 2 when 
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when the other has b in it, will be greateft ; th^t 
is, the Term multiplied by ^a will exceed the 

CoROtLAJiy. 

40. If either of the Members of the Roots, 
that is \^a or ^^, is rational, that Member of 
the Power which is multiplied by the rational 
part, will be alfo rational ; and the rational part 
of the Member Power will exceed the' other, 
if the rational Term of the Root exceeds the 
other, ' ' • ' ' ^ 

Lemma 2I 

41. 7%efame things fuppos^d, if the Number c is an 
even Number y the Power forms a Binomial^ one of 
liihofe Members is rational^ and the other is multi^ 
plied by ^ab ; the Members are thofe Parts of which 
we have treated in Lem. I. 

For putting ?w :?= c, (in which Cafe m is an In- 
teger) and negledling the Signs and Coeffici^ 
ents, the Terms are 

I- 3. y. 7. 

^» a^^-'b^ ar-^bb, a'^-H^ 

2. 4. 6. 

/e^Vab, a'^'-by/ab, a^'-^^bb^/ab ; 

as will appear if the Operation is gone through,' 
for any Power whofe Index is an even Number. 

CoRptLARY. 

42. If one of the Terms of the Root \/ao r 
%/b is rational, the irrational I^ember of the 
Power is multiplied by the fame irrational 

<^antiiy 
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Qp^ntity that multiplies the rational Root: As 
* fupfjofe ' a^=^ee the Term ^a will now be ra- 
tional =^, and \^ah^=^ey/h^ ^h is the irrational 
Quantity that multiplies the irrational Member 
of the Power. 

L E M M A 4. 

43. Uverj Power of the numeral Binomial 
y^sL + y'b has both the Members fofitive^ the 
Vonxier of the Binomial or Afotome y^a — y^b has 
one Member Negative \ but the Members are the 
fame whether it is + i/b or — »- sjb. 

^Ehis follows from the Formation of Powers^ 
a^ will be evident to any one that will try. 

Lemma 5. 

44, If the Binomial v^a + y'b is raifed to a 
Power whofe Index is c, the Difference (ftbe Squares 

. c 

of the Members <f the Power y is a — b. 

This follows from comparing Lem. 2 & J* 
with Lem. i. 

Lemma (^. 

t 
45^ T))e Root whofe Index is c, that is /, cannot 
he extralied from a Binomial, unlefs the Difference of 
the Squares of the Parts of the Binomial given has 

c 

^ofit rational. 

The Root, if it can be exprefled, contains only 
fquare Roots, as follows from Lem. 2 and 3. be- 
caufe only fuch Roots are contained in the 
Power. 

M X Let 
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Let us fuppofe now that the Root of the Bino- 
mial may be exprelfed, and let this be y^/i "^V^y 

the Difference ot the Square of the Parts of the 

$ 

Binomial given will be a — b (44); which when 

e 

/ is extadled is a — b, which is a fational Quan- 
tity : and this always happens when the Root 
cart be expfefsM. 

Lemma 7. 

^6. If two continued decreajing Geometric Pro^ 
grefftom have a common middle "term^ the Diffe-- 
rence of the correfponding firfi T'erms of the two Pro^ 
grejjions will be greater than the Difference of the 
lafi Terms. 

Let the Progreffions be 

^A, B, C 

-D, B, E 
Therefore AxC = BxB=rDxE and 

A, D : : E, C 
Divid. & Alrern. 

A— D, E— C : : D, C 

But as the Progreffions decreafe, D exceeds B, 
which is greater than C; therefore D exceeds C, 
and A — D the difference of the two lirft, ex- 
ceeds E — C the Difference of the laft. 

Lemma 8. 

e 
47. The ^ cannot be extracted if c is an even 
Number^ unlefs the greateft Member of the given 
Binomial is rational. 
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e 

If >/ can be extrafted, the Square Root can 
be extraded from the given Binomial ; for it is 

c 

s/ raifed to the Power 4t:, which Index is an in* 
teger Number, as c is an even Number. Let the 
Square Root of this given Binomial be a-^- b^ 
whofe Square aa-j^ iciA-^bb is the Binomial pro- 
posed. 

Now the Root ^ + *, contains only fquare , 
Roots (39, 41^ J wherefore ^ + ^^ is the rational 
Member of the given Biiiomial, and 2ab the ir- 
rational Member. 

We muft demonftrate therefore /2/2 4-^*, al- 
ways exceeds 2 ab^ for then it will he certain that 
the Root cannot be extrafted but when the ra- 
tional Member is greateft. 

a and b are not equal, for if they were, the 
Qiiantity proposed would be a (ingle rational 
Quantity, or o. 

Let us fuppofe therefore a and b unequal, it 
is clear that aa, ab : : ab^ bb; therefore ^^ + ^^ 
exceeds 2 ab by Prop, 2 5 • lib. EucL 

Demonstration of the Author's 
Method. 

48. The given Binomial is A + B ; a and Q^ 
are found, fo that AAQ:-BBQ=«^ 

Our Author does not feek the Root of the 
Binomial given, but of AyQ^+ B/Q^; and when 

c 

he has found this, he divides it by V of / Q, 

that is by \/ Q, that he may have the Root of 
the Binomial given Aj-^B- 

M 4 By 
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By this Preparation the Binomial acquires thofe 
Conditions, without which the Root cannot be 
exprefred('45). Now i**' is the difference of the 
Squares of the Members, A / Q and B y Q, from 

c 

which if you extraft >/ we muft have a rational 
Number n. 

Let us fuppofe x /j' i /&, to be the Root 
of the Binomial required A/Q^-f" B/Q. and xy/y 
to be the greater part. As we do not here con- 
fider Fradions, ol which the Author treats fepa- 
ratcly, x^y, it, will be integer Numbers ; for as 
there are no Fraftions in the Power given, there 
will be none in the Root. 

The difference of the Squares of the Members 
of the Binomial x^y + i/z,, rais'd to the Power c, 
that is, ihe Diffe rence of the Squares A y' Q.and 
BVQ^Js ^x> — 7f (44), therefore 

xxT^z,' = AAQ— BBQ;^ = ff 
And 

xxy — J6 = «. 
From this Equation we deduce this decreafing 
Proportion. 

4r- x^/y + /z., v'w, x^y — \^z.. 
This following is alfo a decreafing Proportion- 

For we can demonftrate that r exceeds n. In 
the firft Proportion the difference betwixt the 
firft and third Term is 2 -/ z., that is, not lefs 
than two. As the Proportion increafes, the Dif- 
ference betwixt the tirft and fecond Term ex- 
ceeds half the difference betwixt the firft and 
third; that is,x>/>+ 1/ «', and y n differ b\ more 
than Unity : but r does not differ 4- from x^j-^y^z,, 
becaufe it is expreffed in the neareft integer Num- 
ber 
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ber(32.43.)> therefore r differs lefs than >/«, 
from a Quantity that is greater than it, confe- 
quently r neceflarily exceeds -/ n. 

The difterence between r and the Root x\^j 
+ / J6, as we have feen, is lefs than 4-, the dif- 
ference then betwixt x / jr — V^ and - (4(5) jg 

lefs than 4-. 

Now in the two Proportions that we have con- 
fider'd, \i x^y-\'^/^ exceeds r, then ^is grea- 
ter than xijy — t/^. If therefore we coUeft into 
one Sum xsJy-^-V^y ^Vy — V^i and alfo 
r, -2 the difference of thofe Sums ^x^ y^ r^-Ji 

will be alfo lefs than 4-. In this cafe alfo the dif- 
ference will be diminiftied, becaufe one will cor- 
icft the other. 

Therefore the Difference betwixt ^ 4" 7 and 

X //, the greateft Member of the Root, is lefi 
than ^. 

This prefuppofed, there are four Cafes to be 
examined ; for A ^/Q is either rational or furd, 
and c in each Cafe may be either even or odd. 

49. Case i. Let Ay^Q be rational, andc 
odd. 

In this Cafe x\^y the greater part of the Root 
is rational (40), it is therefore an integer Number; 
for as we have faid before, we have nothing to do 

here with Fraftions, therefore r + y is it felf the 

greatefl: Member of the Root, for ah Integer cannot 
differ by lefs than Unity ; but this difiers by^left 
than \y from the greateft Member. 

la 
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In this Cafe too i=i, and therefore r 4" f = 

ft 

M^ = t=r/, and the greatcft Member is 

ixuly difcovered. by the Author's Rule. 

50. Case !• Ii A/'Q^ is irrational, and c an 
odd Number. 

Now x/j' is a furd Number, and the Quan- 
tity A \/ Q^, reduced to its leaft Terms, will have 
the fame Radical with x/j' (jp). Our Author 
feekstbis Radical, and calls it j, therefore f=>/y. 

We have feen that the difference betwixrJ[+J 

and X i/y is riot •-•, they will differ lefs if they 
are each divided by s or V>> therefore ^ + 1 and 

X differ Icfs than^; and confequently x is the 
neareft integer Number t or + 7 that is /=x. 

But s = y>, therefore ^/=x-/>, and the firft 
Member of the Root is juftly determined. 

51. Case 3. If A>/Q^is rational, and c an 
odd Number. 

In this Cafe, not as in Cafe i. it is certain that 
X'^j may, be rational (41) ; therefore thii 3^ 
Cafe may be fubdivided into two. 

When X y^y is rational, the Dempnftration of 
Cafe I. takes place, and the greateiVpart of the 
Root is difcover'd. ' 

But if X \^y is a furd Quantity, thjs Method does 
not difcover the true Root ; for beitiaufc A i/ Qis 
rational x = i always, and not to Vj'i as it ought 
to be; as we have demonftrated in Cafe the fc- 
ccad. See the 2^ and 3^ Cor. following. > 

5^- 
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52. C A s E 4. When A /Q^ is irrational, and 
c an even Number. 

The Root fdught cannot be extrafted, in this 
Cafe (47) ,• and it would be to no purpofe to ap- 
ply our Author's Rule, or any other to fuch a 
Quantity. 

53. Now having found x/jr, the greateft Mem- 
ber of the R oot =: ts^ we muft demonftrate -/ jc 
=/^^ ss — n^ that is, z. =«w — n. 

We have 

xxy = ttss. 
But as we have feen above 
ocxy — ' & = ». 

The;;^ fore fubftrafting the laft Equation from 
thcfirft, 

xxy — xxy -{- jt = «» = ttss — k. 

Which was to be demonftrated. 

It is evident, that the Members of the Root 
are to be join'd with the lame Sign that the 
Members of the Quantity proposed are joined 
with (43). 

The Author fays, the Root thus difcover^d muft 
be tried, becaufe the Demonftration fuppofes, 
that the Root can be expreffed by xy/ytV^^ and 
does only take place when the Root can be ex- 
tradted ; but it does not in the leaft follow from 
the Demonftration, that it is always poffible. 

We have deduced the following Corollaries 
from what has been already demonftrated, in 
order the more fully to illuftrate our Author's 
Method* 

Co* 
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CoHOLtAUT i. 

54. When c is an odd Number^ this Method aU 
ways difcovers the true Root, if it can be extracted 
(49, 50;. 

Corollary a. 

^5. IVhen c is an even Number , and the Root can 
be extraBed^ ym will then difcover the true Root, if 
either of the Members are rational. 

This follows from what has been already de- 
monftrated, if the greateft Member of the Root 
is rational (si)> but if this Member is irrational, 
the Root may be difcover'd by making ufe of 
B/Q, if^fteadof A>/(i, tofind s. The Reafon 
of this will be evident, if you apply Wftat has 
been demonftrated to thefe Cafes ; for it is certain 
that even here s-^^V y (42). 

Whence we deduce this Obfcrvation : As we 
cannot fee before we begin the Operation, whether 
the greateft or leaft Member of the Root is ra- 
tional; if the Root difcovered by the Author, 
which has the greateft Member rational, is not 
the true one, we muft feek another, in which the 
greateft Member may be irrational. 

Corollary 3. 

55. If neither of the tvio Roots mentioned it the 
lafi Corollary is the true one^ '^e muft not from thence 
conclude that the Root cannot be extraEied. 

For if both Members of the Root fhould be 
irrational, yet A /Q will be rational (47), and 
s = i (49) by oui* Author's Method. If accor- 
ding to the Obfervation in the laft Corollary, we 

make 
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make ufe of B / Q, then it will be s = y/yx, (41) ; 
and we cannot deny but in this cafe our Author's 
Method fails ; but this Defeft will not much 
diminifli its Ufe, if as Van Schooten has taught, in 
his MethodjWe firft extract the SquareRoot, of the 
Quantity by the ufual Method ; and by that means 
reduce the Problem to the Extraftion of a Root, 
whofe Index is an odd Number. 

C0B.OLLAB.T 4r 

57. When the Judex of the Root is an even Num^ 
ber, and thegreatefi Member of the Binomial proposed 
is irrational, the Root cannot be exfrejfed; and it 
would be in vain to feek it, as we have already 
obferv'd (52). 



F J N I S. 



A New 

METHOD 

OF 

Determining the F o R m 

O F A N 

Affum d Infinite Series, 



<<77) 



f I I • III ■• i I II I I ti 

.■>i^i I > » lilii II I I 



THE 



PREFACE. 



TJf/HE N a Quantity is fought, that 
^^ cannot be exa^h exprejed, itsValu$ 
is to be inveftigatea by Jpproximation ; 
and this Value, as to *Pra^ice, may be 
tajhenfer the true Value' 

No Mathematician can be ignorant if 
the Ufe if Infinite Series in thefe J^ 
proximations. 

Amongfi the various Methods }g which 
the Value if any Quantity, in any given 
Bquation^ay be expreffed^ a converging 
Series ; that is defervedfy preferred in 
many occafions where an indgtermi^d 
Series is affunid, which^s put equal to 
the Quantity propos'd i and then as many 
'terms <f it are determined, asfitallbe 
thought proper* 

Many things relating to thefe Soht' 
tions are to be met with in diferent 

N M' 
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Juthors ; but tbey feem to be ^ery Httk 
jollicitous about explaining the Method 
itfclf* \thofe who propofe to explain it 
by Bxamples^ fi^pp^f^ ^b^f known^ 4n 
which the whole difficulty of the Solu- 
tion conjifis. 

As for Example\ let y he to he deter- 
mined from x known in any given Equa- 
tion. ^ ^ 7i 

%h€y Vxprefs the Value (fyHyhnk^^ 
fum'd ind^ierptit^d Series putting . \ 

7l!?en they explain bow the Co-efficients 
A, B, C,;D,'c^r, are tobe deter mn^dj in 
yihich indeed there is no difficulty * 4tid 
Values are placed for n and r, ^s if then 
y^ere determined with the greateft ea/e^ 
wbe^ indeed all the difficulty is indif 
'covering thefe. 

: Reyneay has obferd'd many things re- 
latingto ihefe Numbers^ Anal. deinontree 
Art. ii\6. iiut does not in the leaji ex- 
plain by what means they are to be de- 
t^Kviin'.d. / . 

. Sir Ifaac Newton, to whom Matbema^ 
tics arc fo much indebted^ has demon- 
Jirated tt^e determination cf the Num^ 
her ^^, if we here apply what he hat 
faidof tbj^ invefiigating the firft Term 
inhTs Explication of anotjper ffiethpd (f 
Jfi^mte Series^ • ' 
\ ' - \' \ ^ . -' * / . Mr. 
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Mr* Taylor, i/z his Sooky de Methodo 
Incremcntoruin, Prop. 9. has treated of 
the Imejiigation qf the Nuinber r. "But 
Mr. Sterling has obfervd^ de Lineis ter- . 
til Ordinis Newton, pag. 28. that the 
Rule he there lays down^ does fometimes 
fail I on which oCcafion he himfelf gi^^es 
another y which, heconfeffes^ he found by 
cbance, and had fought its Dempnftration 
^ in vain, wherefore he could not affert it 
was always true* 

What made hijn doultit^ I cannot fee\ 
hut thd lam fully perfuaded that it will 
never fail y yet I cannot helieve it abfo- 
Intel] comfleaty dnd will nowfhew where- 
in I take it to he imp erf e^. 

The Computation may proceed when n 
is dif cover'' dy tho^, the For 7/1 oftheajjuv^d 
Series fl^ould not he the fame with the 
'porm of the Series fought y provided there 
is fome "Divifor of^ madeufe of injiead 
of v; that isy we fl:)all always have tjbe 
fame Series at lafly if the ajfum^ d Series 
is contained in the true Series. 
, Example y let n = j, and r = 4, the 
iPor7n of the Series is 

Which Series being ajfun^d% we may 
go on with our Computation ^ hut thefe 
alfo may be made ufeof 

y = ^y} 4- bx^ + cx^ + dx^ 4- ex" 4:, &c. - 
y = rtx' + *X^+ ex* + dx^ +^X' -f/ &C- 

N % Bach 
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Eacb of which contains the firfi V if 
now we proceed with our Computation^ 
according to fbe given "Equation^ we 
Jhall find in the fecond Series. 

a =-rf, b = o, c == JB, d = o, c = ^, &c. 

In the third we Jhall have 

So that in thefe three Suhftitutions we 
come at lafi to the fafue Series which hai 
the Form of the firfi of the three. 

^yMr.^itxXxn^sRule^ we very often come 
not at the true Form, but at a Series that 
contains the true Form ; fo that there is 
fome fuperftuous labour to find the true 
onoj which in fome meafure may be a- 
voided, by fceking the true Form from one 
that contai7isity before we begin the Com-^ 
putation^ which how to do^ we would give 
a particular Rule, if it was not Icfs 
labour in TraBice^ to feek direBly the 
true Form of the Series fought. 

As to Mr. TaylorV Method^ it mud 
be obferv'^d^ that Sterling himfelf makes 
ufe of ity only correBing it in thofe places ' 
where be thinks it fails:, where we may 
remark', that this CorreBion is not at- 
ways neceffary when it is made ufe of 

But notwithfianding Mr* TaylorV Me- 
thod, correBed by Sterling, is fuffcient 
in all cafes y I believe it would not be 

fitf- 
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unacceptable to beginner Si to bejhewn a 
Way by which they may a^>oid much 
troubles for our Rule gives the true 
Value of v^ by which means the ajjuffid 
Series, immediately acquires the Form 
^ the Series fought^ But that this may 
be the more uieful^ I will firfi fet down 
the "Determination oj^the Letter n, acr 
cording to Sir Ifaac NewtonV Method^ 
which il/r. Taylor explains in the for e^^ 
mentioned <^th Tropofitioin and Mu 
Sterling in Trop. 2. of his Tra£i^ where 
fhey apply it to ajfuni^d indeterinin^d 
Series. 

Ifhall not treat of deter 7ntni?ig the Co- 
efficiefits A, B, G, D, (^c^ bccaufe this 
is done by a well-known Method made 
ufe of in many other occafions. 




Nj 
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A New Method of DfitER- 

MINING THE FoRM OP 

AN Assumed Infinite 
Indetermin'd Series. 

Proposition I. 

The Inveftignuon of the Index of the firfi Term 
of the Series. 

LEc there be given an Equation, in which jr 
is fought, and its Value is to beexpr^ed 
by the Powers of x. 

1. Potytqualto an Aflum'd Infinite Inde- 
termin'd Series, 
>=Ax"+Bx"H-r^CxM-*^4.Dx"•i-^'•+Ex"-^^^+ 

&c. 
The Number », is to be determined. 

2. Let there be form'd a Parallelogram, re- 
prefented in Tab. IV. and mark its Angles, as 
you there feci the Method of continuing it, or 
making it larger, is plain. 

3. In the Equation proposed, fubftitute x" for 
>! and if there are Fluxions, for the firft Fluxion* 
of;', putx"-^^, for the fecond x"""'' ^ and fo of 
the reft. 

4. Mark in the Parallelogram all the Angles 
that contain Indices of the Powers of x, in the 
given Equation. 

If it contains fraftional Indices, the Points to 
be mark'd may be difcover'd; »+4. muft be 
markM in the middle, betwixt n and « + 1> and 
\ n, is placed in the middle betwixt n and zn. 

5. Draw 
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5. Draw a Line in the Parallelogram, that 
may pafs through two or three cA thofe Points 
that are markM, in fuch a manner, that all the 
other Points that are ihark'd, iiiay fell on the 
fame fide of that Line j but vou muft obferve, 
that this Line muft not be drawn direftly uj> 
and down, as AB or CD, &c. 

6. Make all the Indices, through which the 
Line pafles, equal amongft themfelves,and n will 
by that means be determined. 

Example. 

7. Let the Equation given be , 



Foryfttbftitute x" (jj), and the Indices arc 

Thefe being markM in the Parallelogram, the 
Line may be dyawn four ways (5) ; 

1. Thro' 2, 211+ 1, (f«— I, &» = 4. (6). 

2. Thro' 6n--' i^7n-^3^ 8c n =—4. (6). 
3* Thro'7»+3, 4W+3, &«=?o. (5).' 
4. Thro'4» + 3, 2, &»=:— t(^> 

8, If inftead of », in each Index, its Value 
is fubftituted, each of thofe, through which the^ 
Line paffes, which are equal to each other, will 
form an Index, either the greateft of all, as iu 
the two firft Cafes; or the leaft of all, as in the 
two laft* 

9. When this Index is the greateft of all, . all 
the Points marked in the Parallelogram, are found 
below the Line that is drawn, and the Sene« 
converges fo much the fafter, as x is greater. 

-, 10. 
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10. The contrary holdi^ when the iQdex is 
the leaft of all* 

P K o P OS t T I N |L 

7ht Determinatim nfthe Different of the Indexes 
tf tv>o Terms y immediately fQUowing each Qther^ in 
the ajfmtd Series. 

1 1. In the affum'd Scries abovcmeptioDed {i)^ 

r here reprefents the Difference that this Pro- 
pofition is to determine. 

11. Seek jf by the precedent Proppfitjcd, and 
then in the Indexes of the Powers of x after the 
Subftitution mentioned in n 3t inftead of n put 
its Value. 

f 3. Thofe Indexes that are tonchVl in the 
Parallelogram^ and which are equal to each other 
(s)>are to be taken for one : Subftraft this from 
all the reft, if it's lefs ; or if it's greater, fnbftraft 
them from it; you will form a Scries which 
w^call, a Series of Differences. 

14. Seek the greateft common Divifor of thefe 
Diflfercnccs^ 

I J . By tins divide the leaft: of thofcDifferenccs, 
and retain the Ouoticnc 

Id. Seek the value of A, which when n is 
given, may always be done ; and note the Num- 
ber of equal Values, if there are not various e- 
qual Values, Unity will* reprefent their Num- 
ber. 

If A has various different Values, let that de- 
termine the Number of equal Values, which is 
made ufe of in the Computation. Example, if 4,^, 
ie^by t, c, are fix Values of A, the number of equal 
Values will be 3, if we make ufe of ^; 2, ifwc 
make ufe of h and i, if we make ufe of c. 

^7' 
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l^. Seek the leaft Namber that can be ex-- 
aftly divided by the Number of equal Valuesof 
A, and the Quotient mentioned in n. i ;• 

1 8. Now divide the leaft in the Series of Dif- 
ferences (i;) by this Number^ and the Quotient 
will be the Number fought, that is r, which will 
be negative if the Series converges the fafter^ 
as X is greater (p), and Affirmative in the other 
cafe mentioned in n lo. 

19. Mn Taylw feeks the greateft common Di- 
vifor of the Indexes ; and this Sterlmg divides 
by the Number of equal Values of A. 

This our Rule, may appear perhaps more 
complex ; it will nevertnelefs diminifli the 
trouble, and that it may be better comprehend- 
ed, we will iUuftrate it with Examples. 

ExAMPtfil 

Let the given Equation be 

-i. i JL I. 

X* — /g ' x*+^J^**'*-4J''^^+/*+iox''— 5jf * 35=0. 

/Let y be fought in a Series converjgin^ fafter 
as X is greater. 
I put 

j=Ax''+Bx'H^+Cx°^*'+Dx»+^'+&c. 

I fubfticute x*" in the Equation, Inftead of j 
(3 .) and the Indexes are y, i»+4, » + 3, T»+i, 
2» 4" ^j t> t », and finding » «= 2, they are 
changed into thefe (tz). 

5, 5i 5f 5> $f t, I 

And 5 is the greateft Index the Line toucher^ 
becaufc we here want the greateft (9)* 

I fubftrad the other Indexes from 5^ and I 
have a Series of Differences (13). 

4> T, 4. * 
I'he grtfiteft xommon Divifor of the£e is t 
14.) By 
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By this I divide 4, the leaft of the Differences 
(15.) and the Quotient is 6. 

1 feek A (16), and find it has four Values. 

I feek the leaft Number that can be exaftly 
divided by 6^ and 4 (17.) which is 12. 

By this I divide 4, the leaft of the Differences 
and the Quotient is 7 and r= — '- (18). 

The Form of the Series is therefore, 

j=Ax*+b/+Cx' +Dx+Ex~+ Fx "" + G 
+ Hx^ &c. 

Example II. 
_2! + ^f _ 25C*^* + x7 +^J =0 

Let y besought in a Series converging fafter 
as X dccreafcs. * 

The aflum'd Series is 
J = Ax~ + Bx"-+''" + Cx"-»-"-f. Dx"*'' -f &c. 

Inftead of y in the Equation, I write x", (3.} 
and the Indexes of x are, 

9», 3» + I, 2» + 2, II + 3, 14. 

I^ow in the Parallelogram, we find by Prop.I. 
iz=i, and the Indexes are (12). 

P, 4> 4» 4f 14- 
The Series of Differences (13), is, 

5, 10. 
And 5 their greateft common Divifor, (14). 
By which dividing the leaft Diflference, the 
Quotient is i, (15)- 

A has two equal Values {16) ; and .2 is the 
leaft Number that can be exaftly divided by this 
and by the Quotient i- (i?)- 



/ ) 
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I divide therefore 5 by 2, and r=2 4- (i8)- 
Then the Form of the Series is, 

1= Ax + Bx'^ + Cx^ + Dx^^ + &C. 
And the Series it felf, is 

140* 



,=x+ix^'+^*+ ^£} +'^< 







x"+&c. 



FINIS. 




